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Effects of a Single Moving Mass on the Dynamics of a Samara-Inspired Vehicle 

 

Peter F. Tyree 

 

ABSTRACT 

 

 

Nature has often been used as a source of inspiration for dynamics.  The simple yet 

elegant design of the single-winged samara seed has been theorized as a form of 

evolution that has enabled the distribution of large seeds to greater distances in the 

presence of prevalent wind conditions resulting from the characteristic stable autorotation 

that slows vertical descent.  This behavior has interested engineers and technologists 

alike in application areas that include sensor network distribution over large areas as well 

as precision package-drop operations.  While past biomimetic samara-inspired vehicle 

designs have focused on the use of wing flaps, wingtip rudders, and propellers, this work 

explores for the first time the use of a single moving mass actuator as a potential means 

of control without external actuating surfaces.  A six degree of freedom time-varying 

triple-mass rigid body model was derived for a samara-inspired vehicle with a moving 

mass actuator on a linear rail to assess the possible use of moving mass control in future 

samara autorotating wing vehicle design.  For the model, blade element theory was used 

to define the forces and moments used for the equations of motion. The results of four 

case studies demonstrated an ability to laterally displace the samara as well as affect the 

biased direction of the displacement that shows promise for future vehicle design.   

 

 

 

 



 

 

 

Effects of a Single Moving Mass on the Dynamics of a Samara-Inspired Vehicle 

 

Peter F. Tyree 

 

GENERAL AUDIENCE ABSTRACT 

 

 

Nature has often been used as a source of inspiration for engineering.  The simple yet 

elegant design of the samara seed has been theorized as a form of evolution that has 

enabled the distribution of large seeds to greater distances in the presence of prevalent 

wind conditions resulting from the characteristic autorotational behavior, slowing vertical 

descent.  This behavior has interested engineers and technologists alike in application 

areas that include sensor network distribution over large areas as well as precision 

package-drop operations.  While past samara-inspired vehicle designs have focused on a 

variety of control features, this work explores for the first time the use of a single moving 

mass actuator as a potential means of control without changing the external surfaces.  A 

model was derived for a samara-inspired vehicle to assess the possible use of moving 

mass control in future samara autorotating wing vehicle design.  The results of four case 

studies demonstrated an ability to affect position and direction that offers promise for 

future vehicle design.   
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Chapter 1. Introduction  

Nature has often been used as a source of inspiration for dynamics.  The simple yet 

elegant design of the single-winged samara seed has been theorized as a form of 

evolution that has enabled the distribution of large seeds to greater distances with 

prevalent wind conditions [1] [2] [3] [4].  Some of the key advantageous characteristics 

of this design include a steady autorotating helical motion that slows the rate of vertical 

descent and robust auto-rotational stability in the presence of wind disturbance [5].  

Figure 1-1 provides a visualization of a samara seed, which includes both (a) a simple 

still frame image as well as (b) a dynamic view of the samara in a helical spiral descent.  

The basic design of the samara consists of the large seed located at one end of the design, 

which is attached to a thin single wing.  In general, the seed component of the design 

contains a much larger portion of the total mass compared to the relatively less dense 

wing, which leads to an asymmetric mass distribution across the overall design.  The 

terms leading edge and trail edge are often used to distinguish between the edge of the 

wing that leads the autorotation. 

 

 
Figure 1-1. Visualizations of a samara seed. (a) Still frame of a Norway Maple seed 

(Acer platanoides) [6]. (b) Samara seed helical spiral decent trajectory [2]. 

 

A biomimetic samara vehicle design could have a variety of immediate practical 

applications.  Leveraging wind dispersal, a large amount of inexpensive small samara-

like sensors could be released to efficiently establish a distributed network over a large 

area [6] [7].  Fields that are researching sensor development that could leverage the 
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samara distribution method include precision meteorology and atmospheric physics [8] 

[9] [10], wildfire management [11] [12], air quality [13] [14], water quality [15], 

agricultural management [16] [17], and potentially exploration of other planetary surfaces 

[18] [19].  Alternatively, scaled to a larger size, the samara seed design could also be 

used as a method of package delivery for humanitarian aid or disaster relief.  For 

instance, a company called Five Forces leveraged the samara concept for an airdrop 

delivery system to deliver critical supplies following an earthquake [20] [21]. 

 

Understanding the dynamics of the samara is critically important for design optimization 

as well as control implementation.  Past design and development work of biomimetic 

samara inspired vehicles have explored control features such as wing flaps, wingtip 

rudders, and propellers [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32]; however, 

moving mass control (MMC) has never been investigated.  Considering that mass 

distribution [33] and center of gravity [34] have been found to have significant impact on 

samara dynamics, MMC could be an effective means to control a samara-inspired 

vehicle.  

 

 
Figure 1-2. Example concept of MMC applied to a samara seed design using a Norway 

Maple seed (Acer platanoides) [6] as the representative samara. 

 

This paper establishes a dynamic model of a samara-inspired vehicle with a single 

moving mass on a linear rail and evaluates whether a moving mass actuator is a viable 

option for control that could be considered in future work.  The paper is organized as 

follows:  Chapter 2, Literature Review; Chapter 3, Dynamics Model Overview; Chapter 

4, Results; Chapter 5, Discussion of Engineering Application; and, Chapter 6, 

Conclusion.  
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Chapter 2. Review of Literature 

While the study of the free-falling samara seed is not a new area of research, it continues 

to be an area of interest to academic researchers and technologists alike.  Documented 

literature studying the autorotating wing extends back into the 19th century with some 

experimental studies [35].  In 1973, Norberg published an influential study characterizing 

the stability behavior of the samara based on experimental analysis [36].  Over the next 

several decades, extensive work has been published further investigating and qualifying 

samara dynamics.  In this section, the following areas of literature will be reviewed: (1) 

the samara studies since Norberg’s seminal work, (2) biomimetic samara vehicles that 

have either been designed or developed, and (3) a brief review of moving mass literature 

that influenced this project. 

2.1. Samara Dynamics Studies 

Generally, samara studies can be divided into experimental studies and theoretical 

studies.  The theoretical studies can be further divided based on the theory supporting the 

analysis of the associated study.  Depending on the samara characteristic that is being 

evaluated will determine which theory is most fitting to use, and in some cases, 

researchers have found ways to create hybrid approaches, combining different theories 

and approaches to achieve desired results.  

 

The theories can be generally grouped into the following two categories: (1) the physics 

of the samara behavior itself and (2) the physics of the fluid dynamics in response to the 

samara behavior.  Regarding the physics of the samara behavior itself, the three different 

theories that have been leveraged throughout the literature are Momentum Theory, Blade 

Element Theory, and Blade Element-Momentum Theory.  For any of the theories or 

approaches associated with the fluid dynamics surrounding the samara, computation fluid 

dynamics (CFD) or other numerical simulation approaches were used.  

2.1.1. Experimental Studies 

Experimental studies have provided key insight into a variety of samara characteristics 

that have been correlated with the samara dynamic behavior.  The different samara 

characteristics that have been studied include the effects of wind dispersal [6] [37] [38] 

[39], the precession cycle [40], the wing geometry [4] [41], the morphology [42] [43], the 

mass distribution [33], the pitch and coning angles [44], the initial conditions (i.e., 

attitude [45] and inertial velocity [46]).  Recent studies have leveraged particle image 

velocimetry (PIV) for areas including flow structures induced by free-falling spin flight 

[47] and wingtip vortices [48] as well as velocity fields of the flow around the samara 

[49]. 

2.1.2. Momentum Theory 

Momentum theory, also known as actuator disk theory, examines the change in 

momentum of the airflow as it passes through the plane of the rotation, typically 

visualized as a virtual disk [50].  Originally developed for spinning rotors, the theory 
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assumes an infinite number of blades attached to the rotor that can be represented as an 

actuator disk [22].  As the simplest of the rotary theories, it is useful for initial 

performance estimates.  The momentum theory can address many of the basic aspects of 

performance with low computational burden, including thrust and average velocity.  

However, because the dynamics are modeled as a disc, the theory does not provide a 

physical concept that could explain the nonuniformities of downwash velocities or any 

insight into rotor characteristics as a ratio to the blade area, blade airfoil characteristics, 

or tip speed values [51]. 

 

As the first analytical study of samara behavior, Norberg leveraged momentum theory 

[36].  Other studies leveraged this theory for the following purposes: terminal velocity 

calculations [39], back-end calculations from empirical study to find induced velocity 

[48], and dynamic gust response and post gust acceleration [52].  Other work combined 

momentum theory with numerical simulation [53]. 

2.1.3. Blade Element Theory (BET) 

Blade element theory (BET) divides the blade into a discrete number of thin strips 

(elements) along the span of the wing.  The aerodynamic loads (lift and drag) of each 

element are calculated based on its angle of attack and local velocity, then integrated 

along the span [50] [54].  This theory generally provides accurate local aerodynamic load 

estimates, which makes this method better than momentum theory for detailed blade 

design.  Because the blade elements are viewed independently in the model, the induced 

inflow velocity cannot be determined with this method [54]. 

 

BET has been used multiple times in literature to model the dynamic behavior of the 

samara. Most recently, it was used to model the steady-state descent and rotation of the 

maple-inspired rotochute [55].  Separately, a biomimetic autorotating aerial vehicle 

known as the samara autorotating wing (SAW) used BET [56] [57].  Furthermore, BET 

defined the forces and moments used in the reduced-order model of the samara [1] [2] 

[3].  Because the reduced-order model was heavily leveraged for the dynamic model 

derived in Chapter 3 and compared to in Chapter 4, BET is the chosen theory used in this 

report. 

2.1.4. Blade Element-Momentum Theory (BEMT) 

Blade Element-Momentum Theory (BEMT) is an attempt to address the limitations of the 

previous two theories by combining the detailed analysis of BET with the overall flow 

dynamics calculated by the momentum theory [50] [54].  BEMT is more complex than 

either of the two previously mentioned theories but is still a relatively simple method that 

yields a relatively low computational burden compared to many numerical simulation 

approaches.  As such, this theory is appealing for rapid design iterations since it provides 

the fastest and most robust performance estimations out of the three analytical approaches 

presented thus far.  One significant limitation to BEMT is that it cannot account for 

instantaneous flow changes, which limits its ability to model aeroelastic and some airload 

problems due to variations of forces and moments with time [54].  As is the case with all 

three of the theories discussed thus far, this theory is inadequate for calculating complex 

three-dimensional fluid effects, which is why a significant number of studies leveraged 
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computational fluid dynamics and other numerical simulation techniques as discussed in 

the next section. 

 

In terms of the simpler analytical rotary theories discussed thus far, BEMT is found to be 

the most used.  The first six degree of freedom dynamics model for the samara used 

BEMT in the workflow [58] [59] [60]. A separate study used BEMT to determine limits 

of samara performance [61].  Some of the different biomimetic vehicles used BEMT in 

the dynamic modeling and analysis, including the Guided Samara [22], the maple-

inspired rotochute, and a monocopter (specifically looking at lateral behavior) [55].  

Other work combined BEMT with numerical simulation to improve accuracy of induced 

flow velocity calculations with numerically simulated lift and drag coefficients [62].   

2.1.5. Computational Fluid Dynamics (CFD) / Numerical Simulation 

To better understand the flow of the air around the samara and the impact the flow has on 

the samara behavior, numerical simulation approaches have frequently been used in 

literature.  The most notable theory that has been identified is the Leading Edge Vortex 

theory, which has shown to increase both lift and drag of the samara [53] [63] [49] [64] 

[65]. Vortex theory provides the basis for investigating the three-dimensional vortical 

behavior of the flow field induced by a rotor [66]. Using CFD to model the vortices and 

some other characteristics, other research has modeled the samara as a wind turbine to 

analyze performance and compared the analysis to experimental testing [67]. Other key 

features that were evaluated using numerical simulation methods include the effects of 

scaling the size of the samara [68], the samara center of gravity [34], Reynolds number 

[69] [70], and wing loading on aerodynamic characteristics [71].  

2.2. Biomimetic Samara Vehicles 

Over the past twenty years, an increasing number of biomimetic vehicles have been 

designed and developed.  The first two that have been documented are the Guided 

Samara and the Lockheed Martin Samarai, both of which were prototyped in the 2006 to 

2008 timeframe.  The Guided Samara was a monocopter using wing flaps and a wingtip 

rudder for control [22].  The Samarai was part of a Defense Advanced Research Projects 

(DARPA) Nano Air Vehicle (NAV) program and is a biomimetic single-winged 

unmanned aerial vehicle (UAV) that was designed with a thrust nozzle at the wingtip and 

pitch actuator flaps along the span of the wing [23] [24] [25].  In 2008, a monocopter was 

developed using a fly-by-wire control that leveraged two actuators: one motorized 

propeller that is opposite the wing and a separate wing flap actuator that folds in parallel 

with the center chord of the wing [26]. Then in 2010, a few different designs of samara 

NAV were developed using two sources of control, a servo propeller at the end of a 

counterbalance arm from the wing as one source of control and a tail flap actuator 

perpendicular to the wing as a second source of control [27]. These two controls were 

used to control the pitch and heave [28].  

 

In 2019, a research team started designing and prototyping a series of vehicles in a 

“samara autorotating wing (SAW)” group of vehicles, which used one actuator on the 

wing to change the angle of attack [29] [56].  The same research team proceeded to 

develop modified versions of this design to include the motorized SAW (mSAW) in 2020 
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[57] and the diving SAW (dSAW) in 2022 [30].  The mSAW replaced the actuating flap 

on the wing with a motorized propeller for control [57]. The dSAW was designed with 

two modes allowing for a precision drop: an autorotating mode and a dive mode. A 

spanwise actuator folds the wing to transition between modes [30]. 

 

Separately in 2021, a foldable single actuator monocopter (F-SAM) was designed with a 

motor propeller on the leading edge of the wing near the wingtip that was used to control 

the vehicle [31]. And, most recently in 2025, a maple seed inspired single actuator 

monocopter was developed to optimized flight endurance, which was designed with a 

motor propeller on the leading edge of the wing near the wingtip [32]. Figure 2-1 shows a 

variety of example designs and prototypes of the samara-inspired vehicles discussed in 

this section. 

 

 
Figure 2-1.  Examples of biomimetic samara-inspired vehicles: (a) Guided Samara 

design [22]; (b) Samarai design [23]; (c) Fly-by-Wire Monocopter [26]; (d) Smallest 

robotic samara NAV developed [41]; (e) dSAW [30]; and, (f) F-SAM [31]. 

 

In addition to the previously mentioned vehicles that were designed with control in mind, 

several biomimetic vehicles were developed without actuators.  The first instance found 

in literature was in 2015 where biomimetic sensors were designed and prototyped with 

the goal of them potentially serving a variety of applications [7].  In 2021, a study was 

performed to compare the dynamics of 3D printed samara seeds with natural samara 

seeds [6]. In 2022, a samara inspired satellite design in the CanSat Competition was 

released at a 650-725m altitude using a UAV.  The initial release was with a parachute 

containing two payloads, both resembling samaras.  The first payload was released at 

500m and second at 400m [72].  And, most recently in 2026, a paper was published 

documenting a maple-seed rotochute design [55]. 

2.3. Moving Mass / Time-Varying Dynamics 

Using a moving mass as a control mechanism, often called moving mass control (MMC), 

for control of biomimetic samara-inspired vehicles or monocopters is a concept that has 

not been documented in literature despite previous research showing that mass 

distribution [33] and center of gravity [34] have significant impacts on the dynamics of 

the falling samara.  Despite the lack of literature associated with samaras, the use of 
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MMC has been around for decades, having been used in domain areas such as fixed wing 

flight [73] [74], quadcopter UAVs [75], stratospheric airships [76], and most recently 

hypersonic vehicles [77].  These examples are all axisymmetric and non-spinning 

vehicles that use linear rails to control roll and pitch.   

 

The only example MMC vehicle design with an angular rate loop spinning feature that 

could be found in literature is a ballistic reentry vehicle design [78] [79] [80].  One of the 

example designs utilized a linear rail set at an angle along the trajectory to allow the rail 

to freely rotate.  As will be discussed in greater detail in Chapter 3, although the samara 

physical design is very flat, a rail that runs along the span of the samara wing would 

create a similar angled rail when viewing the rail in the context of the cone created by the 

dynamic samara behavior.  Figure 2-2 depicts the example MMC design of a reentry 

vehicle with an angular rate loop spinning feature that was used for the inspiration of the 

moving mass feature discussed throughout the remainder of this report.  

 

 

Figure 2-2.  Example vehicle design with an angular rate loop spinning feature 

leveraging MMC [78]. 
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Chapter 3. Dynamics Model Overview 

The dynamics model derived and implemented in this report is a time-varying triple-mass 

rigid body model with six degrees of freedom.  To define the forces and applied 

moments, blade element theory (BET) is chosen.  While BET assumes negligible 

spanwise flow, which is a generally valid assumption for the steady state phase of flight, 

there will be increased error with the initial transient phase of the trajectory.  In a benign 

environment, the transient phase of a samara seed is relatively quick before transitioning 

to steady state descent, so the BET assumption should have minimal impact on the 

modeling of the overall trajectory in this environment.  If a wind gust profile is 

introduced, this assumption would likely have more significant impact on the samara 

model since the gusts would likely cause the samara to leave its steady state phase and 

repeat the transient phase throughout flight.  Because the objective of this work is to 

develop an intuitive understanding of whether a moving mass could be a viable approach 

to controlling a samara-inspired vehicle, BET was determined to be a sufficient approach.  

This overview will first review the reference frame and equations of motion used 

followed by an overview of the moments of inertia and aerodynamic force calculations. 

3.1. Reference Frame and Equations of Motions 

The reference frames used for this model are chosen to align with those used by 

McConnell and Das [1] [2] [3].  This choice was intentionally made so that the model 

defined in this report could be compared against the results achieved by McConnell and 

Das. 

 

As depicted in Figure 3-1(a), two coordinate systems are defined to describe the wing 

motion.  The inertial reference frame, ℱ𝑖 = {𝑋𝑖 , 𝑌𝑖 , 𝑍𝑖}, with inertial origin 𝑂 is an earth 

fixed reference frame where the 𝑍𝑖 axis is pointed upward in the negative direction of 

gravity from the Earth Center to the initial position of the samara seed.  The 𝑋𝑖 and 𝑌𝑖 

axes form a plane orthogonal to the 𝑍𝑖 axis. The unit vectors for ℱ𝑖 are {𝑒̂𝑥, 𝑒̂𝑦, 𝑒̂𝑧}, where 

the subscripts relate to the respective axes.   

 

The second frame is a fixed body reference frame, ℱ𝑏 = {𝑋𝑏, 𝑌𝑏 , 𝑍𝑏}.  The origin 𝑄 is 

located at the center of mass of the wing’s seed, depicted by the darker shaded green 

located at the base of the wing in Figure 3-1(a).  The 𝑋𝑏 and 𝑌𝑏 axes are in plane with the 

wing of the samara where the 𝑋𝑏 axis is parallel to the span of the samara wing.  The 𝑍𝑏 

axis is orthogonal to the other two axes.  The unit vectors for ℱ𝑏 are {𝑏̂𝑥, 𝑏̂𝑦 , 𝑏̂𝑧}, where 

the subscripts relate to the respective axes. 

 

Figure 3-1(b) depicts the angular rotation sequence.  Utilizing the commonly used Right 

Hand Rule, three Euler angles, 𝜙, 𝜗, and 𝜓, are used to transform the inertial reference 

frame {𝑋𝑖 , 𝑌𝑖 , 𝑍𝑖} to the fixed body reference frame through the sequence of reference 

frames, ℱ𝑖
 
→ℱ𝑖′  

→ℱ𝑖′′  
→ℱ𝑏 , where 𝑖 represents the inertial frame, 𝑏 represents the 

fixed body frame, and 𝑖′ and 𝑖′′ represent the intermediate reference frames between ℱ𝑖 



 9 

and ℱ𝑏. The first rotation is about the 𝑍-axis, followed by a “pitch” rotation 𝜗 about the 

new 𝑌-axis (𝑌𝑖′), and the third rotation is a “yaw” rotation 𝜓 about the third axis (𝑋𝑖′′).  
 

 
Figure 3-1.  (a) Depiction of the coordinate systems used to describe the samara 

dynamics. (b) Euler transformation from the inertial reference frame to the fixed body 

reference frame. 

 

Once the samara achieves stable motion, it creates a cone-like behavior from its 

autorotating motion [36].  This coning behavior is a defining characteristic of the samara 

motion.  As seen in Figure 3-2, the samara is expected to “pitch down” at a negative 𝜗 

angle to create the coning behavior.  Since the coning angle is of particular interest in the 

design of the samara, a new angle 𝜃 is defined to represent the coning angle, where     

𝜗 = −𝜃. This technique of defining the coning angle was implicitly used in [1] [2] [3] to 

generate their equations of motion. 

 

 
Figure 3-2.  Depiction of samara conical motion [36]. 
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Using a Z-Y-X Rotation Matrix, which proves to be consistent with what was used by 

McConnell and Das [1] [2] [3], Equation (3-1) defines the rotation matrix that relates ℱ𝑖 
to ℱ𝑏.  Supporting calculations for deriving the rotation matrix are provided in   

Appendix A.  

 

 
 

Equation (3-2) defines the six degrees of freedom (DoF) equations of motion used to 

define the dynamic behavior of the model, three DoF rotational equations and three DoF 

translational equations. Appendix B defines the angular velocity 𝝎 and angular 

acceleration 𝝎̇ in terms of the Euler angles defined earlier in this chapter.  Appendix D 

and Appendix E derive the equations in (3-2) as well as implementable versions of these 

equations that are used in the model. 

 

 
 

In these equations, {𝑀𝑥,𝑀𝑦 ,𝑀𝑧} represent the components of the applied angular 

moment about the overall samara center of mass, {𝐼𝑥𝑥, 𝐼𝑦𝑦 , 𝐼𝑧𝑧} represent the components 

of the moments of inertia, 𝜌𝑥 defines the distance of the center of mass from the fixed 

body origin 𝑄 along the fixed body x-axis, (𝜌̇𝑥)𝑟 represents the change in position of the 

samara center of mass with respect to time as seen in the fixed body reference frame, 

{𝐹𝑥𝑖 ,𝐹𝑦𝑖 ,𝐹𝑧𝑖} represent the components of the generalized aerodynamic forces acting on 

the samara seed as seen from the inertial reference frame, {𝑣𝑥, 𝑣𝑦 , 𝑣𝑧} represent the 

components of the velocity of the samara fixed body origin 𝑄 with respect to the inertial 

reference frame, 𝑚 represents the total mass of the samara seed, and 𝐹𝑔𝑖 represents the 

gravitational force.  Throughout the remainder of this chapter, these various terms will be 

mathematically defined. 

3.2. Moments of Inertia 

To calculate the moments of inertia more easily for the dynamic model, a simplified 

model of the samara is introduced, using a combination of well-defined homogenous 

geometric bodies.  The relatively large wing is modeled as a thin rectangular plate and the 

seed at the base of the wing is modeled as a thin rod.  The moving mass is treated as a 

[

𝑒̂𝑥
𝑒̂𝑦
𝑒̂𝑧

] = [
cos𝜙 cos 𝜃 −sin 𝜙 cos𝜓 − cos𝜙 sin 𝜃 sin𝜓 sin𝜙 sin𝜓 − cos𝜙 sin 𝜃 cos𝜓
sin𝜙 cos𝜃 cos𝜙 cos𝜓 − sin𝜙 sin 𝜃 sin𝜓 −cos𝜙 sin𝜓 − sin𝜙 sin 𝜃 cos𝜓
sin 𝜃 cos 𝜃 sin𝜓 cos 𝜃 cos𝜓

] [

𝑏̂𝑥
𝑏̂𝑦

𝑏̂𝑧

] 

 
(3-1) 

 

𝑀𝑥 = 𝐼𝑥𝑥𝜔̇𝑥 + (𝐼𝑧𝑧 − 𝐼𝑦𝑦)𝜔𝑦𝜔𝑧 + 𝐼𝑥̇𝑥𝜔𝑥 

𝑀𝑦 = (𝐼𝑦𝑦 +𝑚𝜌𝑥
2)𝜔̇𝑦 + (𝐼𝑥𝑥 − 𝐼𝑧𝑧 −𝑚𝜌𝑥

2)𝜔𝑥𝜔𝑧 + (𝐼𝑦̇𝑦 +𝑚𝜌𝑥(𝜌̇𝑥)𝑟)𝜔𝑦

𝑀𝑧 = (𝐼𝑧𝑧 +𝑚𝜌𝑥
2)𝜔̇𝑧 + (𝐼𝑦𝑦 − 𝐼𝑥𝑥 +𝑚𝜌𝑥

2)𝜔𝑥𝜔𝑦 + (𝐼𝑧̇𝑧 +𝑚𝜌𝑥(𝜌̇𝑥)𝑟)𝜔𝑧
𝑣̇𝑥 = 𝐹𝑥𝑖/𝑚

𝑣̇𝑦 = 𝐹𝑦𝑖/𝑚

𝑣̇𝑧 = (−𝐹𝑔𝑖 + 𝐹𝑧𝑖) /𝑚

 

 

(3-2) 
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particle mass. While there are distinct differences between the modeled samara and the 

typical geometry of the samara, past research has shown that the asymmetric mass 

distribution is a larger factor than geometry in causing the observed helical motion [4] 

[42]. Figure 3-3 depicts the simplified model of the samara overlaying a more 

representative geometry of the samara seed in the fixed body reference frame that was 

previously defined.   

 

 
Figure 3-3.  Model of the autorotating vehicle overlayed on an example samara 

geometry. 

 

The parameters used in this diagram are sufficient to define the geometry of the model.  

The wing is defined by length 𝑎 and width 𝑏. The seed is defined by length 𝑙.  The vector 

𝝆 is used to denote the position of an arbitrary point with respect to 𝑄 in the fixed body 

reference frame. All three components to this model have independent centers of mass 

depicted by the fixed body position vector 𝝆𝑄𝐶 from the fixed body origin 𝑄 to the 

respective center of mass.  The subscripts are used to define which center of mass is 

associated with which component of the model, where 𝑠 represents the seed, 𝑤 represents 

the wing, and 𝑚 represents the moving mass.  Since this model considers a mass that 

moves with respect to time, the function 𝑠(𝑡) is introduced and is equal to the 𝝆𝑚
𝑄𝐶

. 

 

From the derivation provided in Appendix C, the moments of inertia can be defined in 

Equation (3-8).  Like the center of mass notation, the mass 𝑚 of the associated 

component is annotated with the subscripts 𝑠, 𝑤, and 𝑚 defined in the previous 

paragraph.  The subscript “𝑐𝑜𝑚𝑝” is used to annotate the full composite model, and the 

use of this subscript is to clearly distinguish the total mass from the component masses. 
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The “𝑐𝑜𝑚𝑝” subscript notation is removed in other areas of this report since the mass 

used in other equations only refers to the total mass of the samara. 

 

 

 
 

From Equation (3-8), the first order time derivatives of moments of inertia can be found 

in Equation (3-9). 

 

  

3.3. Calculating Aerodynamic Forces with BET 

To determine the aerodynamic forces and the applied angular moments used in the 

equations of motion, the model uses BET to define the dynamic behavior of the samara.  

Figure 3-4 shows the free body diagrams depicting the different forces acting on the 

samara seed.  In these diagrams, 𝐹𝑥𝑏, 𝐹𝑦𝑏, and 𝐹𝑧𝑏are the components of the net 

aerodynamic forces, in the respective coordinate directions, (𝑋𝑏, 𝑌𝑏 , 𝑍𝑏), as annotated by 

the subscripts. The drag force and lift force are also defined as 𝐷 and 𝐿, respectively. 

Across the span of the samara wing, the net forces vary by every change in 𝝆, which is 

used to define the blade element, 𝑑𝝆.  As such, for every 𝑑𝝆, there are local aerodynamic 

forces 𝑑𝐹𝑥𝑏, 𝑑𝐹𝑦𝑏,𝑑𝐹𝑧𝑏, 𝑑𝐷, and 𝑑𝐿.  As an input to the blade element definition, the 

width of the wing as a function of 𝝆 is defined as 𝑤(𝝆). A few other parameters captured 

in the Figure 3-4 that also need to be defined are 𝛼 which is the spanwise local angle of 

attack and 𝑼∞ which is the relative freestream wind velocity experienced by the blade 

element 𝑑𝝆. 

 

𝐼𝑥𝑥 =
𝑚𝑤𝑏

2

12

𝐼𝑦𝑦 =
𝑚𝑠𝑙

2

12
+ 𝑚𝑤 (

𝑎2

12
+ (
𝑙 + 𝑎

2
)
2

)+𝑚𝑚[𝑠(𝑡)]
2 +

1

𝑚𝑐𝑜𝑚𝑝
(
𝑚𝑤(𝑙 + 𝑎)

2
+ 𝑚𝑚𝑠(𝑡))

2

𝐼𝑧𝑧 =
𝑚𝑠𝑙

2

12
+ 𝑚𝑤 (

𝑎2 + 𝑏2

12
+ (
𝑙 + 𝑎

2
)
2

) +𝑚𝑚[𝑠(𝑡)]
2 +

1

𝑚𝑐𝑜𝑚𝑝
(
𝑚𝑤(𝑙 + 𝑎)

2
+ 𝑚𝑚𝑠(𝑡))

2

 

(3-3) 

 

𝐼𝑥̇𝑥 = 0

𝐼𝑦̇𝑦 = 2𝑚𝑚𝑠(𝑡)𝑠′(𝑡) +
2𝑚𝑚
𝑚𝑐𝑜𝑚𝑝

(
𝑚𝑤(𝑙 + 𝑎)

2
+𝑚𝑚𝑠(𝑡)) 𝑠′(𝑡)

𝐼𝑧̇𝑧 = 2𝑚𝑚𝑠(𝑡)𝑠′(𝑡) +
2𝑚𝑚
𝑚𝑐𝑜𝑚𝑝

(
𝑚𝑤(𝑙 + 𝑎)

2
+ 𝑚𝑚𝑠(𝑡)) 𝑠′(𝑡)

 (3-4) 
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Figure 3-4.  Free body diagram using BET to describe forces acting on the samara. 

 

First, the position and velocity need to be defined for the samara. For this model, two 

positions are important: (1) the position of the samara fixed body reference frame origin 

𝑄 relative to the inertial reference frame, denoted by 𝒓𝑂, (2) the position at the blade 

element relative to the origin 𝑄 of the fixed body reference frame, denoted by 𝝆𝑃.  The 

difference in notation is used to clearly distinguish between the inertial and fixed body 

reference frames. 

 

A general equation for the inertial velocity, 𝒗𝑂, associated with 𝒓𝑂 can be depicted as 

follows, 

 

 
 

where {𝑣𝑥, 𝑣𝑦 , 𝑣𝑧} are the inertial velocity components and {𝑒̂𝑥 , 𝑒̂𝑦 , 𝑒̂𝑧} are the inertial 

frame unit vectors. 

 

Using the rotation matrix relationship defined in Equation (3-1), 𝒗𝑂 can be defined in the 

fixed body reference frame with Equation (3-11). 

 

𝒗⃗⃗ 𝑂 = 𝑣𝑥𝑒̂𝑥 + 𝑣𝑦 𝑒̂𝑦 + 𝑣𝑧𝑒̂𝑧 

 

(3-5) 
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Leveraging the definition for velocity in a non-inertial frame [81], the absolute velocity 

of the samara at an arbitrary blade element relative to the moving fixed body reference 

frame can be defined by Equation (3-12). 

 

 
 

where 𝝆𝑃 is the distance from the fixed body origin 𝑄 to an arbitrary blade element, 
(𝝆̇𝑃)𝑟 is the rate of change of the blade element position with respect to the fixed body 

reference frame, and 𝝎 is the angular velocity of the samara.  Since the overall samara is 

a rigid body, the change in position of the blade element from 𝑄 is equal to 0, i.e.,    

(𝝆̇𝑃)𝑟 = 0.  Also, since the samara is relatively thin compared to its length, the distance 

of the blade element 𝝆𝑃 is measured along the 𝑋𝑏-axis.  Therefore, the 𝑌𝑏 and 𝑍𝑏 

components of 𝝆𝑃 can be approximated as zero and (𝝎 × 𝝆𝑃) can be calculated as 

follows, 

 

 
 

Substituting Equations (3-11) and (3-13) back into Equation (3-12) yields             

Equation (3-14). 

 

 
 

Using the angular velocity relationship derived in Appendix B, Equation (3-14) produces 

the following, 

 

𝒗⃗⃗ 𝑂 = 𝑣𝑥(cos 𝜙 cos 𝜃 𝑏̂𝑥 + (− sin𝜙 cos𝜓 − cos 𝜙 sin 𝜃 sin𝜓)𝑏̂𝑦

+ (sin 𝜙 sin𝜓 − cos 𝜙 sin 𝜃 cos 𝜓)𝑏̂𝑧)

+ 𝑣𝑦(sin𝜙 cos 𝜃 𝑏̂𝑥 + (cos 𝜙 cos 𝜓 − sin𝜙 sin 𝜃 sin𝜓)𝑏̂𝑦

+ (− cos 𝜙 sin𝜓 − sin𝜙 sin𝜃 cos𝜓)𝑏̂𝑧 )

+ 𝑣𝑧(sin𝜃 𝑏̂𝑥 + cos 𝜃 sin𝜓 𝑏̂𝑦 + cos 𝜃 cos 𝜓 𝑏̂𝑧) 

 

(3-6) 

𝒗𝑃 = 𝒗𝑂 + (𝝆̇𝑃)𝑟 + (𝝎 × 𝝆𝑃) (3-7) 

(3-8) 

𝒗⃗⃗ 𝑃 = [𝑣𝑥(cos 𝜙 cos 𝜃 𝑏̂𝑥 + (− sin 𝜙 cos 𝜓 − cos 𝜙 sin 𝜃 sin𝜓)𝑏̂𝑦

+ (sin 𝜙 sin𝜓 − cos 𝜙 sin 𝜃 cos 𝜓)𝑏̂𝑧)

+ 𝑣𝑦(sin𝜙 cos 𝜃 𝑏̂𝑥 + (cos 𝜙 cos 𝜓 − sin𝜙 sin 𝜃 sin𝜓)𝑏̂𝑦

+ (− cos 𝜙 sin𝜓 − sin𝜙 sin𝜃 cos𝜓)𝑏̂𝑧 )

+ 𝑣𝑧(sin𝜃 𝑏̂𝑥 + cos 𝜃 sin𝜓 𝑏̂𝑦 + cos 𝜃 cos 𝜓 𝑏̂𝑧)]

+ (𝜔𝑧𝜌𝑃𝑥𝑏̂𝑦 − 𝜔𝑦𝜌𝑃𝑥𝑏̂𝑧) 

 

(3-9) 

(𝝎 × 𝝆𝑃) = |

𝑏̂𝑥 𝑏̂𝑦 𝑏̂𝑧
𝜔𝑥 𝜔𝑦 𝜔𝑧
𝜌𝑃𝑥 𝜌𝑃𝑦 𝜌𝑃𝑧

| = |

𝑏̂𝑥 𝑏̂𝑦 𝑏̂𝑧
𝜔𝑥 𝜔𝑦 𝜔𝑧
𝜌𝑃𝑥 0 0

| = [

0
𝜔𝑧𝜌𝑃𝑥
−𝜔𝑦𝜌𝑃𝑥

] 
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Combining like terms in Equation (3-15) yields the following, 

 

 
 

Equation (3-17) introduce the general definitions of 𝐶𝐿 and 𝐶𝐷, the lift and drag 

coefficients, respectively, as well as supporting definitions of dynamic pressure, 𝑞∞,  and 

the referenced surface area of an arbitrary blade element on a samara seed, 𝑆 [82].  

 

 
In these definitions, 𝜌𝑎𝑖𝑟  represents the local air density surrounding the samara seed, 𝑼∞  

is the relative wind velocity experienced by the blade element, 𝑤(𝜌𝑃𝑥) is the width of the 

blade element for a given 𝜌𝑃𝑥 , and 𝑑𝜌𝑃𝑥 is the incremental width of the given blade 

element.   

 

Using the geometric relationships defined in Figure 3-4 along with the definitions shown 

in Equation (3-17), the local drag and lift are defined for an element along the samara 

blade in the following equations.  

 

 

𝒗⃗⃗ 𝑃 = 𝑣𝑥 cos 𝜙 cos 𝜃 𝑏̂𝑥 + 𝑣𝑥(−sin 𝜙 cos𝜓 − cos 𝜙 sin 𝜃 sin𝜓)𝑏̂𝑦
+ (𝑣𝑥 sin 𝜙 sin𝜓 − cos𝜙 sin 𝜃 cos𝜓)𝑏̂𝑧 + 𝑣𝑦 sin 𝜙 cos 𝜃 𝑏̂𝑥

+ 𝑣𝑦(cos 𝜙 cos 𝜓 − sin𝜙 sin 𝜃 sin𝜓)𝑏̂𝑦
+ 𝑣𝑦(−cos 𝜙 sin𝜓 − sin𝜙 sin 𝜃 cos 𝜓)𝑏̂𝑧 + 𝑣𝑧 sin 𝜃 𝑏̂𝑥
+ 𝑣𝑧 cos 𝜃 sin𝜓 𝑏̂𝑦 + 𝑣𝑧 cos 𝜃 cos 𝜓 𝑏̂𝑧

+ 𝜌𝑃𝑥(𝜙̇ cos 𝜃 cos 𝜓 + 𝜃̇ sin𝜓)𝑏̂𝑦

− 𝜌𝑃𝑥(𝜙̇ cos 𝜃 sin𝜓 − 𝜃̇ cos𝜓)𝑏̂𝑧 

 

(3-10) 

𝒗⃗⃗ 𝑃 = (𝑣𝑥 cos 𝜙 cos 𝜃 + 𝑣𝑦 sin 𝜙 cos 𝜃 + 𝑣𝑧 sin 𝜃)𝑏̂𝑥

+ (𝑣𝑥(− sin𝜙 cos 𝜓 − cos 𝜙 sin 𝜃 sin𝜓)

+ 𝑣𝑦(cos 𝜙 cos𝜓 − sin𝜙 sin 𝜃 sin𝜓) + 𝑣𝑧 cos 𝜃 sin𝜓

+ 𝜌𝑃𝑥(𝜙̇ cos 𝜃 cos 𝜓 + 𝜃̇ sin𝜓)) 𝑏̂𝑦

+ (𝑣𝑥(sin 𝜙 sin𝜓 − cos𝜙 sin 𝜃 cos 𝜓)

+ 𝑣𝑦(− cos 𝜙 sin𝜓 − sin𝜙 sin 𝜃 cos𝜓) + 𝑣𝑧 cos 𝜃 cos 𝜓

− 𝜌𝑃𝑥(𝜙̇ cos 𝜃 sin𝜓 − 𝜃̇ cos𝜓)) 𝑏̂𝑧 

 

(3-11) 

𝐶𝐿 ≡
𝐿

𝑞∞𝑆
                      𝐶𝐷 ≡

𝐷

𝑞∞𝑆

 𝑞∞ =
1

2
𝜌𝑎𝑖𝑟‖𝑼∞‖

2              𝑆 = 𝑤(𝜌𝑃𝑥)𝑑𝜌𝑃𝑥  

 

 

(3-12) 

(3-13) 

 𝑑𝐿 =
1

2
𝜌𝑎𝑖𝑟‖𝑼∞‖

2𝐶𝐿(𝛼)𝑤(𝜌𝑃𝑥)𝑑𝜌𝑃𝑥  

 𝑑𝐷 =
1

2
𝜌𝑎𝑖𝑟‖𝑼∞‖

2𝐶𝐷(𝛼)𝑤(𝜌𝑃𝑥)𝑑𝜌𝑃𝑥
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Assuming there is a benign environmental wind profile with negligible crosswind, 

negligible effects of leading-edge vortex (which couples blade elements), and negligible 

spanwise flow, 𝑼∞ and 𝛼 can be expressed by the following equations based on the 

geometric relationships defined in Figure 3-4, 

 

 
 

Using the 𝒗𝑃 definition from Equation (3-16), 𝑼∞  can be expressed as follows, 

 

 
 

Equation (3-20) can then be simplified to the following, 

 

  
 

While McConnell and Das simplified their model to only consider vertical translation in 

the 𝑍𝑖-direction, their work can be used as a point of reference to build confidence that 

this extended derivation aligns with their findings.  When the constraints 𝑣𝑥 = 0, 𝑣𝑦 = 0, 

and 𝜌𝑃𝑥 = 0 are applied to Equation (3-21), the resulting Equation (3-22) shows to be 

consistent with the equation found in [1] [2] [3]. 

 

 
   

Using the angle of attack relationship defined in Equation (3-19), the angle of attack of 

the samara can be found by the following, 

 

𝑼⃗⃗ ∞ = −(𝑣𝑃𝑦𝑏̂𝑦 + 𝑣𝑃𝑧𝑏̂𝑧),    tan 𝛼 = −
𝑣𝑃𝑧
𝑣𝑃𝑦

 

 

(3-14) 

‖𝑼∞‖
2 = (−(𝑣𝑥(−sin𝜙 cos𝜓 − cos𝜙 sin 𝜃 sin𝜓)

+ 𝑣𝑦(cos 𝜙 cos𝜓 − sin𝜙 sin 𝜃 sin𝜓) + 𝑣𝑧 cos 𝜃 sin𝜓

+ 𝜌𝑃𝑥(𝜙̇ cos 𝜃 cos 𝜓 + 𝜃̇ sin𝜓)))
2

+ (−(𝑣𝑥(sin𝜙 sin𝜓 − cos𝜙 sin𝜃 cos𝜓)

+ 𝑣𝑦(− cos 𝜙 sin𝜓 − sin𝜙 sin 𝜃 cos𝜓) + 𝑣𝑧 cos 𝜃 cos 𝜓

− 𝜌𝑃𝑥(𝜙̇ cos 𝜃 sin𝜓 − 𝜃̇ cos𝜓)))
2

 

 

(3-15) 

‖𝑼∞‖
2 = 𝑣𝑥

2 sin2𝜙 − 2𝑣𝑦 sin 𝜙 (𝑣𝑥 cos 𝜙 + 𝜌𝑃𝑥𝜃̇ sin 𝜃)

− 2𝑣𝑧 sin 𝜃 cos 𝜃 (𝑣𝑥 cos 𝜙 + 𝑣𝑦 sin𝜙)

− 2𝑣𝑥𝜌𝑃𝑥(𝜙̇ sin𝜙 cos 𝜃 + 𝜃̇ cos 𝜙 sin𝜃)

+ sin2 𝜃 (𝑣𝑥 cos 𝜙 + 𝑣𝑦 sin 𝜙)
2
+ (𝑣𝑦 cos 𝜙 + 𝜌𝑃𝑥𝜙̇ cos 𝜃)

2

+ (𝜌𝑃𝑥𝜃̇ + 𝑣𝑧 cos 𝜃)
2
 

 

(3-16) 

‖𝑼∞‖
2 = 𝜌𝑃𝑥

2 𝜙̇2 cos2 𝜃 + (𝜌𝑃𝑥𝜃̇ + 𝑣𝑧 cos 𝜃)
2
 

 

(3-17) 
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Again, as a point of comparison, Substituting Equation (3-16) into Equation (3-23) and 

applying the assumptions in [1] [2] [3] (𝜓 = 𝜓̇ ≈ 0), the following result shows to be 

consistent with what was found in [1] [2] [3], 

 

 
 

In order to better compare the results from the expanded model described in this report to 

the results obtained by the McConnell and Das reduced order model, the method for 

calculating 𝐶𝐿, 𝐶𝐷 and 𝑤(𝜌𝑃𝑥) were replicated with what was used by McConnell and 

Das [1]. The model used by McConnell and Das implements a simple thin symmetric 

airfoil model in Equation (3-25) to find the associated lift and drag coefficients as 

functions of 𝛼, utilizing Equation (3-23). 

 

 
 

where the model introduces 𝐶𝐷0 as a tunable additional drag coefficient to numerically 

account for the effects of roughness, airfoil thickness, and the leading-edge vortex (LEV) 

phenomenon. While the equation is representative of potential flow without flow 

separation and thereby not the greatest representation of a LEV, McConnell and Das 

found the model to be comparable to experimental results in literature that had low 

Reynolds Number flow over small wings.  Given a scenario where the Reynolds Number 

is greater, this model may see a divergence from experimental data [1] [2] [3]. An area of 

future research would be to apply more realistic lift and drag coefficient calculations 

incorporating the LEV effect into this model.  

 

Now, using the same planform of the samara used in [1], Figure 3-5 defines the 

normalized width data across the span of the wing, which is used to determine 𝑤(𝜌𝑝𝑥). 

𝛼 = − tan−1 (
𝑣𝑃𝑧
𝑣𝑃𝑦
) 

 

(3-18) 

𝛼 = tan−1 (
−𝑣𝑧 cos 𝜃 − 𝜌𝑃𝑥 𝜃̇

𝜌𝑃𝑥𝜙̇ cos 𝜃
) 

 

(3-19) 

(3-20) 
𝐶𝐿(𝛼) = 2𝜋 sin 𝛼

𝐶𝐷(𝛼) = 𝐶𝐿(𝛼) sin𝛼 + 𝐶𝐷0
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Figure 3-5. Normalized samara width data [1]. 

 

From Figure 3-4, the net blade element forces can be defined in the fixed body coordinate 

frame in the 𝑌𝑏 and 𝑍𝑏 directions as shown in Equation (3-26). 

 

 
 

Substituting Equation (3-18) into Equation (3-26), Equation (3-27) provides the 

simplified equation for the blade element aerodynamic forces. 

 

  
 

Leveraging the combination of equations found throughout this section, the net blade 

element forces defined in terms of the state variables can be integrated across the span of 

the wing to find the overall net forces 𝐹𝑦𝑏 and 𝐹𝑧𝑏, as shown in the following equation. 

 

  
 

where 𝑟0 and 𝑟𝑓 represent the initial and final distances from point 𝑄, used as bounds of 

integration.  As one of the simplifying assumptions used in [1] [2] [3], the effect of the 

𝑑𝐹𝑦𝑏 = sin(𝛼) 𝑑𝐿 − cos(𝛼) 𝑑𝐷

𝑑𝐹𝑧𝑏 = cos(𝛼) 𝑑𝐿 + sin(𝛼) 𝑑𝐷
 

 

(3-21) 

𝑑𝐹𝑦𝑏 =
1

2
𝜌𝑎𝑖𝑟‖𝑼∞‖

2(sin(𝛼) 𝐶𝐿(𝛼) − cos(𝛼) 𝐶𝐷(𝛼))𝑤(𝜌𝑃𝑥)𝑑𝜌𝑃𝑥

𝑑𝐹𝑧𝑏 =
1

2
𝜌𝑎𝑖𝑟‖𝑼∞‖

2(cos(𝛼) 𝐶𝐿(𝛼) + sin(𝛼) 𝐶𝐷(𝛼))𝑤(𝜌𝑃𝑥)𝑑𝜌𝑃𝑥

 (3-22) 

𝐹𝑦𝑏 = ∫ 𝑑𝐹𝑦𝑏

𝑟𝑓

𝑟0

, 𝐹𝑧𝑏 = ∫ 𝑑𝐹𝑧𝑏

𝑟𝑓

𝑟0

 (3-23) 
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blade element force along the blade span is neglected, thus 𝐹𝑥𝑏 ≈ 0, which is a typical 

assumption made with BET [54] [83] [84]. In an environment with a benign relative 

freestream wind velocity, this assumption has minimal impact on the model’s 

performance; however, with the addition of turbulence or dynamically changing wind 

velocity, 𝐹𝑥𝑏 would likely need to be added back into the model to align with 

experimental data.   

 

Next, leveraging the definition of applied moment [81], the applied moments about the 

samara center of mass can be defined by the following equation. 

 

 
 

where 𝑴𝐶 is the applied moment about the center of mass of the samara, 𝑑𝐹𝑏𝑖 is the local 

aerodynamic force of the samara blade element in the fixed body reference frame, 𝑁 is 

the total number of blade elements used by the model, and 𝑖 is the index determining 

which blade element is being referenced. 

 

Since the distance of the blade element from the fixed body origin 𝑄 is taken along the 

𝑋𝑏 axis, 𝜌𝑦 = 0 and 𝜌𝑧 = 0.  Along with the previous assumption made that 𝐹𝑥𝑏 ≈ 0  in a 

benign environment, the following applied moments at a given blade element, 𝑑𝑭𝑖, can 

be defined, 

 

 
 

where 𝑑𝑴𝐶 is the local applied moment about the center of mass of a given blade 

element. Integrating the force across the span of the samara wing yields the following 

applied moments for the overall samara, 

 

  
 

 

 

𝑴𝑐 =∑𝝆𝑃𝑖 × 𝑑𝐹𝑏𝑖

𝑁

𝑖=1

 

 

(3-24) 

𝑑𝑴𝐶 = |

𝑏̂𝑥 𝑏̂𝑦 𝑏̂𝑧
𝜌𝑃𝑥 0 0

0 𝑑𝐹𝑦𝑏 𝑑𝐹𝑧𝑏

| = [−

0
𝜌𝑃𝑥𝑑𝐹𝑧𝑏
𝜌𝑃𝑥𝑑𝐹𝑦𝑏

] 

 

(3-25) 

𝑀𝑦𝑏 = −∫ 𝜌𝑃𝑥𝑑𝐹𝑧𝑏

𝑟𝑓

𝑟0

, 𝑀𝑧𝑏 = ∫ 𝜌𝑃𝑥𝑑𝐹𝑦𝑏

𝑟𝑓

𝑟0

 (3-26) 
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Chapter 4. Results 

Based on the dynamic model defined in Chapter 3, a MATLAB Simulink model was 

created to implement the model.  The base structure of the model leveraged the Simulink 

model and supporting MATLAB functions that were used to implement the McConnell 

and Das reduced order model [1] [2] [3].  Results generated from the model include the 

following: (1) verification of the base dynamic model, (2) evaluation of the baseline 

model in a little greater detail, and (3) exploration of several case studies evaluating 

various time-varying moving mass functions.  In general, the goal of the different case 

studies is to isolate specific features of the model in order to better understand how the 

specified feature impacts the overall behavior of the model.  Thus, the initial conditions 

and the model parameters are left constant throughout the various case studies. The 

exception is that mass distribution between 𝑚𝑠 and 𝑚𝑚, which is varied as part of the 

moving mass sizing studies. 

 

Table 4-1 lists the initial conditions used throughout this study.  For the duration used for 

the simulation scenarios, the initial conditions are relatively arbitrary.  While prior work 

has found initial orientation [45] and initial velocity [46] to have a noticeable effect on 

how quickly the samara reaches steady-state autorotation, the impacts are on the time 

scale of microseconds.  The initial position is set to the inertial origin so that inertial 

displacement over time is easier to determine. 

 

Table 4-1. Initial conditions used for model verification and subsequent case studies. 

Initial Conditions Values 

𝑥0 0 m 

𝑦0 0 m 

𝑧0 0 m 

𝑣𝑥,0 0 m/s 

𝑣𝑦,0 0 m/s 

𝑣𝑧,0 0 m/s 

𝜃0 0 deg 

𝜙0 0 rev 

𝜓0 0 deg 

𝜃̇0 0 deg/s 

𝜙̇0 0 rev/s 

𝜓̇0 0 deg/s 

 

Table 4-2 summarizes the parameters used for the baseline case as well as the subsequent 

case studies.  The mass and geometry parameters were based on the Norway maple seed 

(Acer platanoides) empirically measured in [36].  Norberg calculated 15% of the total 
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mass is in the samara wing. Regarding geometry, Norberg measured the total length of 

the seed, distance from center of mass to the wingtip normal to the axis of rotation, and 

the maximal width; from these measurements, 𝑙 is calculated. The tunable drag 

coefficient 𝐶𝐷0 is the value that McConnell and Das calculated in their studies [1] [2] [3]. 

Lastly, the integration bounds 𝑟0 and 𝑟𝑓 are the same as what was used in [1]. For 𝑟0, the 

increased thickness of the camber near to the seed has an inherently high angle of attack 

and a significant impact on the drag; by neglecting the thicker portion of the wing, the 

tuning parameter 𝐶𝐷0 can compensate for the neglected drag.  For 𝑟𝑓, the upper bound 

needed to be truncated to account for tip loss [1]. 

 

Table 4-2. Model parameters used for baseline case and subsequent case studies. 

Model Parameters Values 

𝑟0 0.2𝑅 m = 0.0070 m 

𝑟𝑓 0.9𝑅 m = 0.0315 m 

𝑚  0.00013 kg 

𝑚𝑠 0.85𝑚 = 0.0001105 kg 

𝑚𝑤 0.15𝑚 = 0.0000195 kg 

𝑚𝑚 0 kg 

𝑎 0.035 m 

𝑏 0.017 m 

𝑙 0.047 m − 0.035 m = 0.012 m 

𝑔 9.81 m/s2 

𝜌𝑎𝑖𝑟  1.225 kg/m3 

𝐶𝐷0 0.126 

4.1. Model Verification 

To verify the model in this study, the simulated results are compared to the simulated 

results achieved by the McConnell and Das reduced order model as well as the empirical 

results from Norberg to which the McConnell and Das results were originally compared.  

Norberg’s empirical results are single values, which were likely either average numbers 

or estimates based on the testing conducted. The simulation scenario uses the parameters 

of the natural samara originally studied by Norberg, so 𝑠(𝑡) = 0 for this verification. 

Since a moving mass has never been evaluated on a biomimetic single-winged vehicle, 

the time-varying portion of this model remains theoretical.  Future work could involve 

designing a single moving mass controlled biomimetic vehicle for experimental study. 

 

Figure 4-1 compares the four variables that have available data.  Since Norberg did not 

explicitly have a coning angle rate calculation, the assumption is that the rate is 

negligibly small if the provided coning angle is in a steady state descent.  
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Generally, the outputs from the model presented in this paper complement the reduced 

order model as well as the empirical data.  A small deviation in the coning angle exists 

between what was generated by the simulation and what was observed by Norberg.  

Seeing that the McConnell and Das reduced order model achieved the expected coning 

angle, the error is likely inherent to the extended model presented in this report.  The 

cause of this deviation is suspected to be linked to the difference in how the moments of 

inertia are calculated.  The McConnell and Das model uses a tuning parameter to 

numerically account for the nonuniform mass distribution of the samara, which appears 

to perform well.  While the more detailed rigid body calculation of the moments of inertia 

are needed in the presented model to account for the moving mass, the use of the flat 

plate and thin rod may be too coarse.   

 

 

Figure 4-1. Model comparison with reduced order model [1] [2] [3] and Norberg 

experimental results [36]: (a) coning angle over time; (b) coning angle rate of change 

over time; (c) rate of revolution over time; (d) vertical velocity over time. 

 

The other notable difference between the models is the sinusoidal perturbations that are 

present in the moving mass model.  Because the moving mass model removed the pure 

vertical descent constraint, adding lateral motion, it makes sense that there will be some 

periodic variation in the variables.  This will be discussed further in the next session; 

however, it is noteworthy that empirical results from various studies of samara and 



 23 

similar biomimetic vehicles revealed similar sinusoidal temporal perturbations in similar 

variables to what are being reviewed in Figure 4-1 [30] [63] [85].  The numerical study in 

[53] specifically looks at the temporal behavior of the coning angle in steady state 

descent, which shows agreement with the peak-to-peak amplitude of the perturbations 

being roughly 4 degrees. 

4.2. Dynamics of the Baseline Model 

Before evaluating the full time-varying model, the baseline case used in the model 

verification is examined closer. The simulation for this case was run for 60 seconds in 

duration to better understand the longer-term behavior of the model.   

 

Figure 4-2 depicts the trajectory of the baseline case, of which a couple notable 

characteristics are revealed. First, there exists a macroscopic tornado-like precession 

cycle that appears to converge over time. This behavior is consistent with what has been 

observed in past studies.  Norberg was one of the first researchers to document this 

behavior, calling it ‘side-slip’, which was observed to cause the samara to shift in the 

opposite direction of the samara’s rotation [36].  This behavior was further characterized 

as a slow-moving large helix trajectory, but some samaras were observed to be more 

prone to this behavior than other, despite visually identical appearance [86].  Most 

recently, [40] studied this behavior relating it to a precession cycle and identified 

morphology, mass asymmetry, and wing thickness as key drivers in this behavior. 

 

In terms of the other notable characteristic, small ripples in the trajectory are evident. 

This behavior is likely associated with the model’s choice of fixed body origin, which 

serves as the position tracker of the samara.  As discussed in Chapter 3, the fixed body 

origin was placed on the center of mass of the modeled seed portion of the samara to 

account for time-varying mass distribution changes.  Because there is a displacement 

between the seed center of mass and the overall samara center of mass (which serves as 

the axis of rotation), this small ripple is reasonable behavior.   

 

 

Figure 4-2. Baseline case trajectory: (a) 3-dimensional view; (b) overhead view of 

lateral displacement. 
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Figure 4-3. Baseline case inertial kinematics over time: (a) x position; (b) y position; (c) 

z position; (d) x velocity component; (e) y velocity component; (f) z velocity component. 

 

 

Figure 4-4. Baseline case rotational kinematics over time: (a) coning angle;                   

(b) autorotational revolutions; (c) roll angle; (d) coning angle rate; (e) rotation 

frequency; (f) roll rate. 
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Figure 4-2 and Figure 4-3 depict the inertial and rotational kinematics, respectively, over 

the duration of the simulation.  As an expected observation based on the tornado-like 

precession behavior, the sinusoidal behavior asymptotically stabilizes.   

4.2.1. Precession Cycle Analysis 

Diving a little deeper into the precession cycle behavior, Figure 4-5 depicts temporal 

analysis of the baseline case precession cycle. Figure 4-5(a) shows that the rate of 

completing a precession cycle is remarkably constant.  The two drivers for the rate of 

precession cycle completion are the trajectory speed and the distance covered in each 

precession cycle.  Figure 4-5(b) shows the trajectory speed is relatively constant but does 

gradually decrease over the first 20 seconds before stabilizing at approximately 0.8 m/s.  

Figure 4-5(c) agrees with the other two plots, showing that the distance between 

precession cycles is greatest in the first few cycles when the trajectory speed has the 

greatest amount of change, and as the distance between precession cycles approach zero, 

the trajectory speed stabilizes to a constant value.  

 

 

Figure 4-5. Temporal analysis of baseline case precession cycle: (a) number of 

precession cycles over time; (b) trajectory speed over time; (c) distance between 

precession cycles over time. 

4.2.2. Effect of Moving Mass Size on Baseline Model 

As the last study of the baseline case before introducing time-varying functions, a sizing 

study of the moving mass is used to determine the impact of adding the moving mass to 

the design.  For this study, and all subsequent studies presented in this report, the 

simulation time is abbreviated to 20 seconds, which gives ample data to understand 

deviations in behavior. The default position of the moving mass is set to be at the center 

of the seed center of mass (𝑠(𝑡) = 0).  Over the course of this study, the ratio of the total 

mass between the seed and the moving mass is varied while maintaining a constant 𝑚𝑤.    

Table 4-3 summarizes the ratio between the multiple mass points over the various runs.  

These same ratios are used for the similar mass studies performed on the time-varying 

case studies.  
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Table 4-3. Variation of mass parameters by simulation run. 

Run Number 𝑚𝑚 𝑚𝑠 𝑚𝑤 

1 0.8𝑚 0.05𝑚 0.15𝑚 

2 0.7𝑚 0.15𝑚 0.15𝑚 

3 0.6𝑚 0.25𝑚 0.15𝑚 

4 0.5𝑚 0.35𝑚 0.15𝑚 

5 0.4𝑚 0.45𝑚 0.15𝑚 

6 0.3𝑚 0.55𝑚 0.15𝑚 

7 0.2𝑚 0.65𝑚 0.15𝑚 

8 0.1𝑚 0.75𝑚 0.15𝑚 

 

Figure 4-6 depicts the resulting trajectories from this study.  While the model generally 

behaves the same regardless of the ratio of mass between the seed and the moving mass, 

there appears to be an interesting phasing of position that subtly grows with time.  The 

source of this change is likely linked to the moments of inertia.  The seed is modeled as 

thin rod with constant density.  As the seed’s mass is reduced and transferred to a moving 

mass, which is modeled as a point mass, the density of the seed geometric area is no 

longer constant since the location of the moving mass will be denser than any other part 

of the modeled seed and the overall center of mass of the samara is minorly shifted 

toward the seed center of mass.  This effect is the inverse of what was studied in [40]; as 

the moving mass increases in size, the precession cycle reduces in radius, which creates a 

phasing of the trajectory.  Figure 4-7 and Figure 4-8 depict the inertial and rotational 

kinematics, respectively, which more clearly shows the phasing of the variables with 

respect to the different runs.   
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Figure 4-6. Baseline case trajectory with varying of size of moving mass: (a) 3-

dimensional view; (b) overhead view of lateral displacement. 

 

 

Figure 4-7. Baseline case inertial kinematics over time with varying of size of moving 

mass: (a) x position; (b) y position; (c) z position; (d) x velocity component; (e) y velocity 

component; (f) z velocity component. 
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Figure 4-8. Baseline case rotational kinematics over time with varying of size of moving 

mass: (a) coning angle; (b) autorotational revolutions; (c) roll angle; (d) coning angle 

rate; (e) rotation frequency; (f) roll rate. 

4.3. Evaluating Time-Varying Function 

This section introduces four different case studies, each with a different time-varying 

function associated with the moving mass. Figure 4-9 provides the graphical depiction of 

the modulated position of the moving mass with respect to time. While only 12 seconds 

are shown in the plots, 20 seconds of simulation data was collected for each case study, 

which was an ample duration to assess the impact of the time-varying functions. The 

different case studies will be discussed in greater detail in subsequent sections. 

 

One of the primary goals of the case studies is to provide a proof of concept that a 

moving mass could be used to control the lateral displacement of a samara-inspired 

vehicle.  For the evaluation of the time-varying function, three different assessments are 

performed for each case study.  First, a moving mass sizing assessment is performed to 

see what impact modulating different sized moving masses have on the model dynamics.  

As part of this study, one of the runs are selected based on which laterally displaces the 

vehicle the best.  The associated mass distribution ratio is used for the subsequent two 

assessments, which focus on the impact of varying the trigger time of the 𝑠(𝑡) function 

by the period of the autorotation cycle (𝑇𝜙) and by the period of the precession cycle 

(𝑇𝑃). 
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Figure 4-9. Functions used to modulate the moving mass along rail: (a) Cases 1; Simple 

Sinusoidal; (b) Case 2: Optimal Positional Displacement; (c) Two-Step Mass Shift; (d) 

Sinusoidal Resonance with Samara Rotation. 

4.3.1. Case 1: Simple Sinusoidal 

Case 1 can be described as a low frequency sinusoidal function, where the moving mass 

is slowly modulated between the lower and upper bound of the linear rail.  The goal of 

this case study is to evaluate the impact of a simple oscillation of the moving mass on the 

dynamics of the model.  As can be observed from Figure 4-9(a), once the function is 

triggered, one cycle takes approximately 6 seconds to complete.  Equation (4-1) provides 

the mathematical expression for the function. 

 

 
 

where 𝑅𝑢𝑏 is the chosen amplitude of the sine function and 𝑡1 is the activating trigger 

time for 𝑠(𝑡).  Since 𝑅𝑢𝑏 is the amplitude of the sine function, 2𝑅𝑢𝑏 is the upper bound of 

the moving mass rail.  This value extends the moving mass significantly into the samara 

wing but not so far as to reach the tip of the samara wing. Table 4-4 defines the values of 

the parameters used in the time function for Case 1. 

 

 

 

 

𝑠(𝑡) = {
0,                                                                𝑡 < 𝑡1
−𝑅𝑢𝑏 sin(𝑡 − 𝑡1 + 𝜋 2⁄ ) + 𝑅𝑢𝑏 , 𝑡 ≥ 𝑡1

 

 

(4-1) 
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Table 4-4. Parameters used for the 𝑠(𝑡) time function for Case 1. 

𝑠(𝑡) Parameters Chosen Values for Case Study 

𝑅𝑢𝑏 𝑙 = 0.012 m 

4.3.1.1. Case 1: Effect of Varying Size of Moving Mass 

This section provides the results to the Case 1 moving mass sizing study, which uses the 

mass ratios defined in Table 4-3.  The 𝑠(𝑡) function trigger time used was 𝑡1 = 3.4263, 

which is roughly the time it takes for the base model to complete one precession cycle.  

Figure 4-10 depicts the resulting trajectories from this study, which all exhibited a 

periodic curlicue feature with the trajectories. The lighter moving masses do not seem to 

have enough mass to fully break away from the precession cycle and subsequently curl 

back into the initial precession cycle.  The heaviest moving masses have no trouble 

breaking away, but the extra inertia associated with the heavier moving mass likely 

causes a slower turn with the curlicue feature, which cause them to effectively fold 

backwards toward the initial lateral position.  Run 3 shows the optimal displacement of 

the samara from its initial position, where the curlicue launches the samara back in the 

same direction it was previously going. As such, 𝑚𝑚 = 0.6𝑚 and 𝑚𝑠 = 0.25𝑚 are used 

for the subsequent Case 1 assessments. 

 

 

Figure 4-10. Case 1 trajectory with varying of size of moving mass: (a) 3-dimensional 

view; (b) overhead view of lateral displacement. 

 

Figure 4-11 and Figure 4-12 depict the inertial and rotational kinematics, respectively.  

From the kinematics, it becomes apparent that the troughs in the sine function are 

associated with the curlicue feature. The telling variables are the peaks exhibited by the 𝑥 

and 𝑦 position charts and the reduction in the vertical velocity 𝑣𝑧.  Some of the rotational 
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variables also surge at the sine troughs, reasonably due to the conservation of angular 

momentum. 

 

 

Figure 4-11. Case 1 inertial kinematics over time with varying of size of moving mass: 

(a) x position; (b) y position; (c) z position; (d) x velocity component; (e) y velocity 

component; (f) z velocity component. 
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Figure 4-12. Case 1 rotational kinematics over time with varying of size of moving mass: 

(a) coning angle; (b) autorotational revolutions; (c) roll angle; (d) coning angle rate; (e) 

rotation frequency; (f) roll rate. 

4.3.1.2. Case 1: Effect of Varying Trigger Time about the Samara 

Rotation 

This section provides the results from the assessment of the effect of varying the trigger 

time 𝑡1 based on varying points in the samara autorotational cycle period (𝑇𝜙).  Table 4-5 

shows the varying trigger times used for this assessment and the associated 𝜙 revolution.  

The 𝑡1 times were selected for the runs such that each run was staggered by 

approximately a quarter revolution of the samara. 

  

Table 4-5. Variation of moving mass trigger times by simulation run. Trigger times 

varied by roughly a quarter autorotation revolution per run. 

Run Number 𝑡1 (s) 𝜙1 (rev) 

1 3.4263 40.99370227 

2 3.4467 41.24974768 

3 3.4667 41.50038538 

4 3.4866 41.75011047 

5 3.5065 41.99998412 
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Figure 4-13. Case 1 trajectory with varying of moving mass trigger time about samara 

autorotation revolution: (a) 3-dimensional view; (b) overhead view of lateral 

displacement. 

 

 

Figure 4-14. Case 1 inertial kinematics over time with varying of moving mass trigger 

time about samara autorotation revolution: (a) x position; (b) y position; (c) z position; 

(d) x velocity component; (e) y velocity component; (f) z velocity component. 
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Figure 4-13 depicts the resulting trajectories from the assessment. The only discernible 

difference between the trajectories is the slight variation in radial direction that the 

trajectories are traveling.  Figure 4-14 and Figure 4-15 depict the inertial and rotational 

kinematics, respectively.  From the kinematics, the phasing of the time trigger based 𝑇𝜙 

has negligible influence on the model variables.  The only kinematics that shows any 

significant difference are the 𝑥 and 𝑦 position and velocity; however, as will be discussed 

in section 4.3.1.3, this difference is likely due more to the change in precession cycle than 

the change orientation based on the autorotational revolution period.   

 

 

Figure 4-15. Case 1 rotational kinematics over time with varying of moving mass trigger 

time about samara autorotation revolution: (a) coning angle; (b) autorotational 

revolutions; (c) roll angle; (d) coning angle rate; (e) rotation frequency; (f) roll rate. 

4.3.1.3. Case 1: Effect of Varying Trigger Time about the Precession 

Cycle 

This section provides the results from the assessment of the effect of varying the trigger 

time 𝑡1 based on varying points in the samara precession cycle period (𝑇𝑃).  Table 4-6 

shows the varying trigger times used for this assessment and the associated 𝜙 revolution.  

It also gives an indication of the phasing of 𝑇𝑃.  The 𝑡1 times were selected for the runs 

such that each run was staggered by approximately a quarter precession cycle. 
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Table 4-6. Variation of moving mass trigger times by simulation run. Trigger times 

staggered by approximately a quarter of a precession cycle per run. 

Run Number 𝑡1 (s) 𝜙1 (rev) 𝑇𝑃 

1 3.4263 40.99370227 1 

2 4.0153 48.38229935 1.25 

3 4.6043 55.76623803 1.5 

4 5.1933 63.14632271 1.75 

5 5.7823 70.52303918 2 

 

Figure 4-16 depicts the resulting trajectories from the assessment.  The 𝑇𝑃 phasing clearly 

has an impact to where the samara seed is displaced once the time function is activated. 

The only other notable feature is that the direction of the samara when released at 𝑇𝑃 = 1 

versus 𝑇𝑃 = 2 is significantly different.  This is likely due to the difference in size 

between the two cycles and can be explained by a similar phenomenon to the slingshot 

effect in orbital mechanics.  Because the radius of the cycle at 𝑇𝑃 = 2 is significantly 

smaller than that of 𝑇𝑃 = 1, the samara will have less torque, which results in a slower 

release from the precession cycle once the time function is activated.   Figure 4-17 and 

Figure 4-18 depict the inertial and rotational kinematics, respectively.   

 

 

Figure 4-16. Case 1 trajectory with varying of moving mass trigger time about the 

precession cycle: (a) 3-dimensional view; (b) overhead view of lateral displacement. 
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 Figure 4-17. Case 1 inertial kinematics over time with varying of moving mass trigger 

time about the precession cycle: (a) x position; (b) y position; (c) z position; (d) x velocity 

component; (e) y velocity component; (f) z velocity component. 
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Figure 4-18. Case 1 rotational kinematics over time with varying of moving mass trigger 

time about the precession cycle: (a) coning angle; (b) autorotational revolutions; (c) roll 

angle; (d) coning angle rate; (e) rotation frequency; (f) roll rate. 

4.3.2. Case 2: Optimal Positional Displacement 

Case 2 can be described as a piecewise function that linearly ramps the moving mass to 

the upper bound of the rail, where it will stay for a designated period before quickly 

returning to the original position at the seed’s center of mass.  Case 1 revealed that the 

positional displacement occurs at the crest of the sinusoidal function.  The goal of this 

case study is to evaluate whether the positional displacement can be more optimally 

executed by leaving the moving mass at the upper bound of the rail for a longer duration.  

Equation (4-2) provides the mathematical expression for the function. 

 

 
 

Table 4-7 defines the values of the parameters used in the time function for Case 2. 

Figure 4-9(b) gives the graphical depiction of the Case 2 function using these parameters. 

 

𝑠(𝑡) =

{
 
 

 
 
0,                                                𝑡 < 𝑡1
𝑅𝑢𝑏(𝑡 − 𝑡1)/𝑇1,                      𝑡1 ≤ 𝑡 < 𝑡1 + 𝑇1
𝑅𝑢𝑏,                                           𝑡1 + 𝑇1 ≤ 𝑡 < 𝑡2
𝑅𝑢𝑏 − 𝑅𝑢𝑏(𝑡 − 𝑡2)/𝑇2, 𝑡2 ≤ 𝑡 < 𝑡2 + 𝑇2
0,                                                𝑡2 + 𝑇2 ≤ 𝑡

 (4-2) 
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Table 4-7. Parameters used for the 𝑠(𝑡) time function for Case 2. 

𝑠(𝑡) Parameters Chosen Values for Case Study 

𝑅𝑢𝑏 3𝑙 = 0.036 𝑚 

𝑇1 2 s 

𝑇2 0.1 s 

𝑡2 𝑡1 + 5 𝑠 

4.3.2.1. Case 2: Effect of Varying Size of Moving Mass 

This section provides the results to the Case 2 moving mass sizing study, which uses the 

mass ratios defined in Table 4-3.  The 𝑠(𝑡) function trigger time used was 𝑡1 = 3.4263, 

which is roughly the time it takes for the base model to complete one precession cycle.   

 

Figure 4-19 depicts the resulting trajectories from this study, which seem to show a more 

smoothed transition to a laterally displaced position. The lighter moving masses seem to 

have some trouble breaking the precession cycle, which is evident from the curling 

behavior back toward the initial precession cycle. Once the moving mass is at least 40% 

of the total mass of the samara, the samara appears to not have any issue breaking the 

precession cycle.  Selecting the run that has the lightest moving mass that still achieves 

the optimal displacement objective, 𝑚𝑚 = 0.4𝑚 and 𝑚𝑠 = 0.45𝑚 are used for the 

subsequent Case 2 assessments. 

 

 

Figure 4-19. Case 2 trajectory with varying of size of moving mass: (a) 3-dimensional 

view; (b) overhead view of lateral displacement. 
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Figure 4-20. Case 2 inertial kinematics over time with varying of size of moving mass: 

(a) x position; (b) y position; (c) z position; (d) x velocity component; (e) y velocity 

component; (f) z velocity component. 

 

Figure 4-20 and Figure 4-21 depict the inertial and rotational kinematics, respectively.  

From the kinematics, the displacement occurs while the moving mass is at the upper 

bound of the rail.  As soon as the moving mass returns to its initial position in the seed, 

the seed begins a new precession cycle at the displaced location.  
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Figure 4-21. Case 2 rotational kinematics over time with varying of size of moving mass: 

(a) coning angle; (b) autorotational revolutions; (c) roll angle; (d) coning angle rate; (e) 

rotation frequency; (f) roll rate. 

4.3.2.2. Case 2: Effect of Varying Trigger Time about the Samara 

Rotation 

This section provides the results from the assessment of the effect of varying the trigger 

time 𝑡1 based on varying points in the samara autorotational cycle period (𝑇𝜙).  Table 4-5 

in section 4.3.1.2 shows the varying trigger times used for this assessment and the 

associated 𝜙 revolution.  The 𝑡1 times were selected for the runs such that each run was 

staggered by approximately a quarter revolution of the samara. 

 

Figure 4-22 depicts the resulting trajectories from the assessment.  Like Case 1, the only 

discernible difference between the trajectories is the slight variation in radial direction 

that the trajectories are traveling.  It is interesting that the last few runs are not evenly 

spaced, which would indicate that while most of the impact is likely due to the precession 

cycle, there may be some impact caused by 𝑇𝜙. 
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Figure 4-22. Case 2 trajectory with varying of moving mass trigger time about samara 

autorotation revolution: (a) 3-dimensional view; (b) overhead view of lateral 

displacement. 

 

 

Figure 4-23. Case 2 inertial kinematics over time with varying of moving mass trigger 

time about samara autorotation revolution: (a) x position; (b) y position; (c) z position; 

(d) x velocity component; (e) y velocity component; (f) z velocity component. 
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Figure 4-23 and Figure 4-24 depict the inertial and rotational kinematics, respectively.  

From the kinematics, the phasing of the time trigger based 𝑇𝜙 has negligible influence on 

the model variables.  The only variables that show any significant difference are the 𝑥 

and 𝑦 position and velocity; however, as will be discussed in section 4.3.2.3, this 

difference is likely due more to the change in precession cycle than the change in 

orientation based on the autorotational revolution period. 

 

 

Figure 4-24. Case 2 rotational kinematics over time with varying of moving mass trigger 

time about samara autorotation revolution: (a) coning angle; (b) autorotational 

revolutions; (c) roll angle; (d) coning angle rate; (e) rotation frequency; (f) roll rate. 
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4.3.2.3. Case 2: Effect of Varying Trigger Time about the Precession 

Cycle 

This section provides the results from the assessment of the effect of varying the trigger 

time 𝑡1 based on varying points in the samara precession cycle period (𝑇𝑃).  Table 4-6 in 

section 4.3.1.3 shows the varying trigger times used for this assessment and the 

associated 𝜙 revolution.  It also gives an indication of the phasing of 𝑇𝑃.  The 𝑡1 times 

were selected for the runs such that each run was staggered by approximately a quarter 

precession cycle. 

 

Figure 4-25 depicts the resulting trajectories from the assessment.  The 𝑇𝑃 phasing clearly 

has an impact to where the samara seed is displaced once the 𝑠(𝑡) function is activated. 

The only other notable feature is that the direction of the samara when released at 𝑇𝑃 = 1 

versus 𝑇𝑃 = 2 is significantly different.  Like Case 1, this behavior is probably due to the 

size of the precession cycles being significantly different and can be explained by a 

similar phenomenon to the slingshot effect in orbital mechanics.  Because the radius of 

the cycle at 𝑇𝑃 = 2 is significantly smaller than that of 𝑇𝑃 = 1, the samara will have less 

torque, which results in a slower release from the precession cycle once the time function 

is activated. Figure 4-26 and Figure 4-27 depict the inertial and rotational kinematics, 

respectively. 

 

 

Figure 4-25. Case 2 trajectory with varying of moving mass trigger time about the 

precession cycle: (a) 3-dimensional view; (b) overhead view of lateral displacement. 
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Figure 4-26. Case 2 inertial kinematics over time with varying of moving mass trigger 

time about the precession cycle: (a) x position; (b) y position; (c) z position; (d) x velocity 

component; (e) y velocity component; (f) z velocity component. 
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Figure 4-27. Case 2 rotational kinematics over time with varying of moving mass trigger 

time about the precession cycle: (a) coning angle; (b) autorotational revolutions; (c) roll 

angle; (d) coning angle rate; (e) rotation frequency; (f) roll rate. 

4.3.3. Case 3: Two Step Mass Shift - Opposite End Followed by 

Center of Geometry 

Case 3 can be described as a piecewise function that linearly ramps the moving mass to 

the upper bound of the rail, where it will stay for a designated period before ramping 

down to near the center of geometry.  Prior work evaluated mass distribution on samara 

descent behavior and identified four different modes (autorotation, spiral/tumbling, 

chaotic, and falling) [33].  The goal of this case study was to attempt to trigger the falling 

mode after displacing the samara in order to create a flight termination function that 

could be used once the samara reached the intended coordinates.  Equation (4-3) provides 

the mathematical expression for the function. 

 

 

𝑠(𝑡) =

{
 
 

 
 
0,                                                                    𝑡 < 𝑡1
𝑅𝑢𝑏(𝑡 − 𝑡1)/𝑇1,                                          𝑡1 ≤ 𝑡 < 𝑡1 + 𝑇1
𝑅𝑢𝑏,                                                               𝑡1 + 𝑇1 ≤ 𝑡 < 𝑡2
𝑅𝑢𝑏 − (𝑅𝑓𝑖𝑛𝑎𝑙 − 𝑅𝑢𝑏)(𝑡 − 𝑡2)/𝑇2, 𝑡2 ≤ 𝑡 < 𝑡2 + 𝑇2
𝑅𝑓𝑖𝑛𝑎𝑙 ,                                                            𝑡2 + 𝑇2 ≤ 𝑡

 (4-3) 
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Table 4-8 defines the values of the parameters used in the 𝑠(𝑡) function for Case 3. 

Figure 4-9(c) gives the graphical depiction of the Case 3 function using these parameters. 

 

Table 4-8. Parameters used for the 𝑠(𝑡) time function for Case 3. 

𝑠(𝑡) Parameters Chosen Values for Case Study 

𝑅𝑢𝑏 𝑙/2 + 0.9𝑎 = 0.0375 𝑚 

𝑅𝑓𝑖𝑛𝑎𝑙  𝑙/2 + 0.5𝑎 = 0.0235 𝑚 

𝑇1 2 s 

𝑇2 2 s 

𝑡2 𝑡1 + 𝑇1 + 3 𝑠 

4.3.3.1. Case 3: Effect of Varying Size of Moving Mass 

This section provides the results to the Case 3 moving mass sizing study, which uses the 

mass ratios defined in Table 4-3.  The 𝑠(𝑡) function trigger time used was 𝑡1 = 3.4263, 

which is roughly the time it takes for the base model to complete one precession cycle.   

 

 

Figure 4-28. Case 3 trajectory with varying of size of moving mass: (a) 3-dimensional 

view; (b) overhead view of lateral displacement. 

 

Figure 4-28 depicts the resulting trajectories from this study. None of the runs seem to 

terminate, since all scenarios end with the vertical displacement consistent with the 

previous two case studies (roughly 16m in the 𝑧 direction).  The lighter moving masses 

seem to have some trouble breaking the precession cycle, which is evident from the 

curling behavior back toward the initial precession cycle.  The trajectory continues to 

straighten out with the heavier moving masses, where the straightest trajectory is with the 

heaviest moving mass (80% of the samara overall mass). Particularly for the heavier 
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cases, the lateral velocity increases the most during the final partially extended position 

of the moving mass.  Based on the chart provided in [33], it is possible that the final 

moving mass position picked was in line with the chaotic mode, which would explain 

why the heavier masses continued traveling in the same direction that it started. While 

this case is showing greater lateral displacement than the previous two cases, the chaotic 

mode of descent may make the time function difficult to use from controllability and 

repeatability perspectives. Since none of the runs meet the goal of terminating the flight, 

the run that optimizes displacement was used. Thus, 𝑚𝑚 = 0.8𝑚 and 𝑚𝑠 = 0.05𝑚 are 

used for the subsequent Case 3 assessments. 

 

 

Figure 4-29. Case 3 inertial kinematics over time with varying of size of moving mass: 

(a) x position; (b) y position; (c) z position; (d) x velocity component; (e) y velocity 

component; (f) z velocity component. 

 

Figure 4-29 and Figure 4-30 depict the inertial and rotational kinematics, respectively.  

From the kinematics, the size of the moving mass will drive the level of displacement 

with this time function.  It is also interesting that the roll angle differential increases with 

the heavier moving masses during the phase of flight after the moving mass reaches its 

final position at the center of geometry. 
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Figure 4-30. Case 3 rotational kinematics over time with varying of size of moving mass: 

(a) coning angle; (b) autorotational revolutions; (c) roll angle; (d) coning angle rate;   

(e) rotation frequency; (f) roll rate. 

4.3.3.2. Case 3: Effect of Varying Trigger Time about the Samara 

Rotation 

This section provides the results from the assessment of the effect of varying the trigger 

time 𝑡1 based on varying points in the samara autorotational cycle period (𝑇𝜙).  Table 4-5 

in section 4.3.1.2 shows the varying trigger times used for this assessment and the 

associated 𝜙 revolution.  The 𝑡1 times were selected for the runs such that each run was 

staggered by approximately a quarter revolution of the samara. 

 

Figure 4-31 depicts the resulting trajectories from the assessment.  Like the previous 

cases, the only discernible difference between the trajectories is the slight variation in 

radial direction that the trajectories are traveling.  Like Case 2 (but arguably more subtle), 

the trajectories from the runs are not evenly spaced, which would indicate that while most 

of the impact is likely due to the precession cycle, there may be some impact caused by 

𝑇𝜙. 
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Figure 4-31. Case 3 trajectory with varying of moving mass trigger time about samara 

autorotation revolution: (a) 3-dimensional view; (b) overhead view of lateral 

displacement. 

 

 

Figure 4-32. Case 3 inertial kinematics over time with varying of moving mass trigger 

time about samara autorotation revolution: (a) x position; (b) y position; (c) z position; 

(d) x velocity component; (e) y velocity component; (f) z velocity component. 
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Figure 4-32 and Figure 4-33 depict the inertial and rotational kinematics, respectively.  

From the kinematics, the phasing of the time trigger based 𝑇𝜙 has negligible influence on 

the model variables.  The only kinematics that shows any appreciable difference are the 𝑥 

and 𝑦 position and velocity; however, as will be discussed in section 4.3.3.3, this 

difference is likely due more to the change in precession cycle than the change in 

orientation based on the autorotational revolution period. 

 

 

Figure 4-33. Case 3 rotational kinematics over time with varying of moving mass trigger 

time about samara autorotation revolution: (a) coning angle; (b) autorotational 

revolutions; (c) roll angle; (d) coning angle rate; (e) rotation frequency; (f) roll rate. 

4.3.3.3. Case 3: Effect of Varying Trigger Time about the Precession 

Cycle 

This section provides the results from the assessment of the effect of varying the trigger 

time 𝑡1 based on varying points in the samara precession cycle period (𝑇𝑃).  Table 4-6 in 

section 4.3.1.3 shows the varying trigger times used for this assessment and the 

associated 𝜙 revolution.  It also gives an indication of the phasing of 𝑇𝑃.  The 𝑡1 times 

were selected for the runs such that each run was staggered by approximately a quarter 

precession cycle. 
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Figure 4-34. Case 3 trajectory with varying of moving mass trigger time about the 

precession cycle: (a) 3-dimensional view; (b) overhead view of lateral displacement. 

 

 

Figure 4-35. Case 3 inertial kinematics over time with varying of moving mass trigger 

time about the precession cycle: (a) x position; (b) y position; (c) z position; (d) x velocity 

component; (e) y velocity component; (f) z velocity component. 
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Figure 4-34 depicts the resulting trajectories from the assessment.  The 𝑇𝑃 phasing clearly 

has an impact to where the samara seed is displaced once the time function is activated. 

The only other notable feature is that the direction of the samara when released at 𝑇𝑃 = 1 

versus 𝑇𝑃 = 2 is significantly different.  Like the previous cases, this behavior is 

probably due to the size of these precession cycles is significantly different and can be 

explained by a similar phenomenon to the slingshot effect in orbital mechanics.  Because 

the radius of the cycle at 𝑇𝑃 = 2 is significantly smaller than that of 𝑇𝑃 = 1, the samara 

will have less torque, which results in a slower release from the precession cycle once the 

time function is activated.  Figure 4-35 and Figure 4-36 depict the inertial and rotational 

kinematics, respectively.   

 

 

Figure 4-36. Case 3 rotational kinematics over time with varying of moving mass trigger 

time about the precession cycle: (a) coning angle; (b) autorotational revolutions; (c) roll 

angle; (d) coning angle rate; (e) rotation frequency; (f) roll rate. 

4.3.4. Case 4: Sinusoidal Resonance with Samara Rotation 

Case 4 can be described as a high frequency sinusoidal function, where the moving mass 

is modulated between the lower and upper bound of the linear rail at the rate of the 

autorotational frequency, attempting to somehow resonate the moving mass with the 

autorotational cycle.  The goal of this case study is to evaluate the impact that the moving 
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mass would have on the system if the movement resonates with the autorotational cycle. 

Equation (4-4) provides the mathematical expression for the function. 

 

 
 

where 𝑅𝑢𝑏 is the chosen amplitude of the sine function, 𝑡1 is the activating trigger time 

for 𝑠(𝑡), and 𝜙1 is the 𝜙 associated with 𝑡1.  Since 𝑅𝑢𝑏 is the amplitude of the sine 

function, 2𝑅𝑢𝑏 is the upper bound of the moving mass rail.  A shorter rail than what was 

used in Case 1 was chosen to compensate for the burden the higher frequency oscillation 

generated in this case would likely have on the physical system.  

 

Table 4-9 defines the values of the parameters used in the time function for Case 4. 

Figure 4-9(d) gives the graphical depiction of the Case 4 function using these parameters. 

 

Table 4-9. Parameters used for the 𝑠(𝑡) time function for Case 4. 

𝑠(𝑡) Parameters Chosen Values for Case Study 

𝑅𝑢𝑏 𝑙/2 = 0.006 m 

4.3.4.1. Case 4: Effect of Varying Size of Moving Mass 

This section provides the results to the Case 4 moving mass sizing study, which uses the 

mass ratios defined in Table 4-3.  The 𝑠(𝑡) function trigger time used was 𝑡1 = 3.4263, 

which is roughly the time it takes for the base model to complete one precession cycle.  

 

Figure 4-37 depicts the resulting trajectories from this study, which all exhibit massive 

lateral and vertical displacement. The different runs did show some moderate difference 

in the vertical displacement, where the medium sized moving masses seemed to fall the 

quickest. Run 5 shows the optimal displacement of the samara from its initial position. As 

such, 𝑚𝑚 = 0.4𝑚 and 𝑚𝑠 = 0.45𝑚 are used for the subsequent Case 4 assessments. 

 

Figure 4-38 and Figure 4-39 depict the inertial and rotational kinematics, respectively.  

The vertical velocity 𝑣𝑧 reaches a terminal velocity of near 7m/s.  Additionally, the 

rotational variables have massive spreads in the angles experienced throughout the runs.  

There is also significant lateral displacement (upwards of 40m from the initial position). 

These features indicate that the samara is tumbling. Past research has observed that 

tumbling can create lateral propulsion [40]. The glide ratio for Case 4 was calculated to 

be at least twice as great as any of the other cases explored, which likely also indicative 

of lateral propulsion. 

𝑠(𝑡) = {
0,                                                                   𝑡 < 𝑡1
−𝑅𝑢𝑏 sin(𝜙 − 𝜙1 + 𝜋 2⁄ ) + 𝑅𝑢𝑏 , 𝑡 ≥ 𝑡1

 

 

(4-4) 
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Figure 4-37. Case 4 trajectory with varying of size of moving mass: (a) 3-dimensional 

view; (b) overhead view of lateral displacement. 

 

 

Figure 4-38. Case 4 inertial kinematics over time with varying of size of moving mass: 

(a) x position; (b) y position; (c) z position; (d) x velocity component; (e) y velocity 

component; (f) z velocity component. 
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Figure 4-39. Case 4 rotational kinematics over time with varying of size of moving mass: 

(a) coning angle; (b) autorotational revolutions; (c) roll angle; (d) coning angle rate; (e) 

rotation frequency; (f) roll rate. 

4.3.4.2. Case 4: Effect of Varying Trigger Time about the Samara 

Rotation 

This section provides the results from the assessment of the effect of varying the trigger 

time 𝑡1 based on varying points in the samara autorotational cycle period (𝑇𝜙).  Table 4-5 

in section 4.3.1.2 shows the varying trigger times used for this assessment and the 

associated 𝜙 revolution.  The 𝑡1 times were selected for the runs such that each run was 

staggered by approximately a quarter revolution of the samara. 

 

Figure 4-40 depicts the resulting trajectories from the assessment.  This is the first case 

out of the four considered that is impacted by 𝑇𝜙.  It appears that the lateral propulsion 

can be biased by the orientation of the autorotational revolution. 

 

Figure 4-41 and Figure 4-42 depict the inertial and rotational kinematics, respectively.  

From the kinematics, the phasing of the time trigger based 𝑇𝜙 has negligible influence on 

the model variables.  The 𝑥 and 𝑦 position and associated velocities show significant 

variation in the runs.  This observation is in line with the trajectory plot that shows the 

samara being propelled in directions consistent with the quarter autorotational cycle. 
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Figure 4-40. Case 4 trajectory with varying of moving mass trigger time about samara 

autorotation revolution: (a) 3-dimensional view; (b) overhead view of lateral 

displacement. 

 

 

Figure 4-41. Case 4 inertial kinematics over time with varying of moving mass trigger 

time about samara autorotation revolution: (a) x position; (b) y position; (c) z position; 

(d) x velocity component; (e) y velocity component; (f) z velocity component. 
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Figure 4-42. Case 4 rotational kinematics over time with varying of moving mass trigger 

time about samara autorotation revolution: (a) coning angle; (b) autorotational 

revolutions; (c) roll angle; (d) coning angle rate; (e) rotation frequency; (f) roll rate. 

4.3.4.3. Case 4: Effect of Varying Trigger Time about the Precession 

Cycle 

This section provides the results from the assessment of the effect of varying the trigger 

time 𝑡1 based on varying points in the samara precession cycle period (𝑇𝑃).  Table 4-6 in 

section 4.3.1.3 shows the varying trigger times used for this assessment and the 

associated 𝜙 revolution.  It also gives an indication of the phasing of 𝑇𝑃.  The 𝑡1 times 

were selected for the runs such that each run was staggered by approximately a quarter 

precession cycle. 

 

Figure 4-43 depicts the resulting trajectories from the assessment.  The 𝑇𝑃 phasing clearly 

has an impact to where the samara seed is displaced once the time function is activated; 

however, the direction of lateral displacement is not as intuitive as the phasing of 𝑇𝜙.  It 

is possible that because the phasing of 𝑇𝜙 is the dominating factor in determining the 

direction of lateral displacement, the difference in 𝜙1 values used for the different runs as 

depicted in Table 4-6 could be driving the direction of lateral displacement.  A secondary 

effect could also be linked to the gradual reduction in precession cycle size, which has 

shown to have impact on the lateral displacement in the other cases. 
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Figure 4-43. Case 4 trajectory with varying of moving mass trigger time about the 

precession cycle: (a) 3-dimensional view; (b) overhead view of lateral displacement. 

 

 

Figure 4-44. Case 4 inertial kinematics over time with varying of moving mass trigger 

time about the precession cycle: (a) x position; (b) y position; (c) z position; (d) x velocity 

component; (e) y velocity component; (f) z velocity component. 
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Figure 4-44 and Figure 4-45 depict the inertial and rotational kinematics, respectively.   

 

 

Figure 4-45. Case 4 rotational kinematics over time with varying of moving mass trigger 

time about the precession cycle: (a) coning angle; (b) autorotational revolutions; (c) roll 

angle; (d) coning angle rate; (e) rotation frequency; (f) roll rate. 
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Chapter 5. Discussion of Engineering Application 

The findings from the case studies shown in Chapter 4 indicate that varying the mass 

distribution of an inflight samara can impact both trajectory and rate of descent, which is 

a positive indication that MMC could work on a samara-inspired vehicle.  

 

Case 1 through Case 3 showed two driving features associated with the time-varying 

functions that impacted the final lateral position of the samara.  First, the duration of time 

spent at the upper bound of the rail seemed to cause a slow creep in a biased direction.  

Case 3 showed the greatest lateral displacement, which is reasonable since the moving 

mass was either partially or fully extended for the greatest amount of time; however, due 

to the positioning of the moving mass potentially causing the samara to enter a chaotic 

mode of flight [33], which is likely why the greatest amount of mass needed to be applied 

to the moving mass in order to keep the direction of the samara somewhat stable.  Even 

with 80% of the mass applied to the moving mass, the trajectory of Case 3 still bent in 

flight. As a result, there exists a risk that the moving mass function may be challenging to 

implement as a controller for Case 3.  Case 1 made the next largest lateral displacement, 

and the low-rate sinusoidal extension may provide a more stable controller since the 

repeated contraction allows the samara to restabilize.  As a side effect of the sinusoidal 

function, a curlicue behavior was introduced that is not ideal for controlling direction, 

especially because the constant oscillation of the moving mass makes the curlicue less 

predictable.  Case 2 showed the smoothest displacement function, but it also traveled the 

least amount of distance, although the function was only turned on for approximately 5 

seconds. Figure 5-1 shows that increasing the time in the extended position allows for a 

comparable displacement to the other cases.  However, like Case 3, the trajectory 

experiences a substantial bend, which would create a challenge for vehicle control. 

 

 

Figure 5-1. Case 2 trajectory with moving mass in extended position for 6x longer 

duration: (a) 3-dimensional view; (b) overhead view of lateral displacement. 

 

While also experiencing significant lateral translation, Case 4 demonstrated that the 

relatively slow rate of descent of an autorotating samara can be disrupted by a time-

varying mass distribution.  The Case 4 simulation indicated that the extremely rapid 

oscillation of the moving mass likely caused the samara to tumble, reaching a terminal 

velocity that was nearly 1𝑔.  Despite the high terminal velocity, it is possible in 
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extremely short bursts, Case 4 could be used to displace the vehicle more quickly without 

losing too much altitude.  Separately, this rapid descent has the capability of swiftly 

terminating flight.  The disadvantage to using this function as a termination function is 

that there is a high level of lateral propulsion as a side effect.  The other disadvantage to 

Case 4 is the extremely rapid modulation frequency of the moving mass.  Although the 

reason this case was originally explored was to characterize the behavior of the moving 

mass frequency resonating with the autorotational cycle.  It is postulated that the same 

behavior could be accomplished with a more manageable constant frequency sinusoidal 

function that would reduce burden on the mechanical system. 

 

Ideally, a termination function could cause the samara to enter a quick vertical fall.  Past 

research into the effects of mass distribution on the samara discovered that a vertical fall 

could be achieved if the mass is distributed appropriately [33].  Although failing to 

achieve an increased rate of descent, Case 3 would be an ideal candidate to explore the 

mass distribution sweet spot for a falling mode. Future research could explore tuning the 

final position of the moving mass. Depending on the success of simply tuning the final 

position of the Case 3 moving mass time function, it may be necessary to explore 

changing the orientation of the moving mass linear rail inside the samara vehicle design 

to optimize which sweet spot across the samara are available to use. 

 

All four cases were able to change the biased direction to where the samara was 

displaced.  Case 1 through Case 3 demonstrated that there is a direct correlation between 

the lateral direction of biased displacement and where the samara was in the precession 

cycle when the time-varying function was activated. While still being impacted to some 

degree by the precession cycle like the other cases, a better indicator of direction for Case 

4 was the orientation of the samara in terms of its autorotational cycle when the time-

varying function is triggered. 

 

Based on the findings that the position and direction of the samara can be affected by a 

moving mass, there are two methods of control that can be used to steer the samara in 

flight: open-loop control and feedback control.  Open-loop control is the simpler and least 

computationally expensive option that could be used and would implement a pre-planned 

time-varying function.  The 𝑠(𝑡) function would be programmed in advanced based on 

mission needs.  When the samara inspired vehicle is released, the function would be 

triggered.  This would be an ideal choice for the sensor distribution applications. For this 

application, multiple seeds are likely dropped at the same time from a high altitude, and 

the goal would be to optimize the distribution, which could be done by phasing the time-

varying function. 

 

For feedback control, some of the samara inspired designs have already used feedback 

control set-ups, where position and orientation sensors were used to inform the actuation 

of the vehicles [22].  Implementing feedback control in this context would use the same 

concept, the only difference is that the moving mass is the actuator for the system.  This 

would be an ideal choice for the package delivery use cases, where the goal would be to 

airdrop a package from a high altitude and steer the package to a target destination.  

While many of the samara-inspired vehicles have been on the same size scale as natural 
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samaras, a recent study revealed that the size of the samara can be scaled to a larger size 

(2x the size for as good or better stability, and up to 8x still being able to autorotate with 

some degraded performance) [68].  

 

A possible starting point for refining a moving mass function is to use Case 2, which 

could be used to laterally translate and turn corners depending on how the function is 

switched on and off.  To avoid the bending behavior that is observed in Figure 5-1, the 

shorter, repeated use of the Case 2 time function demonstrates a more controlled 

trajectory. While the length of time that the moving mass can spend in the extended 

position on the rail without causing significant bending in trajectory likely varies with the 

physical design of the vehicle, it was found with the specific samara design used in this 

study that the moving mass could last roughly 5 to 8 seconds in the extended position 

before the samara saw significant deviation in direction.  Allowing the samara to settle 

back into a steady state precession cycle enables the samara to have subsequent short 

iterative lateral movements, either in the same direction or turning to a new direction 

depending on when the time triggers are initiated.  

 

 

Figure 5-2. Example programmed time function that navigates samara vehicle through a 

series of obstacles: (a) 3-dimensional view; (b) overhead view of lateral displacement. 

 

Figure 5-2 demonstrates how this approach can navigate the samara through a series of 

obstacles, which shows three consecutive time triggers.  The first two moving mass 

triggers push the samara in the same direction, allowing the samara to travel farther in a 

controlled direction than what would be possible with one longer time function. The third 

moving mass trigger shows that the samara making a sharp turn.  A primary disadvantage 

to this design is that the lateral displacement achieved is relatively small compared to the 

significant vertical displacement that is needed. Past samara vehicle designs have 

leveraged thrusters [23] [24] [25] and propellers [26] [57] on the wing to aid in vertical 

lift, which could help this design travel farther without losing too much altitude. 
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The last consideration that needs to be examined for future design trades is the size of the 

moving mass. It could be seen from the four case studies that the time function selected 

has varying impacts on the size of the moving mass needed.  Case 3 required moving 

mass to have the largest percentage of the overall mass of the samara out of the four cases 

with 80% of the mass allocated to the moving mass.  Case 1 needed less with 60% of the 

total samara mass being allocated to the moving mass. Case 2 and Case 4 required the 

least with 40% of the total samara mass being allocated to the moving mass.  Particularly 

for the package delivery use case, mass needs to be reserved for the material being 

delivered in the package. Additionally, for any design, there is likely going to be avionics 

hardware that needs to be accounted for in the mass budget.  Therefore, the goal in this 

design trade would be to minimize the size of the moving mass while still being able to 

accomplish the intended mission.  

 



 64 

Chapter 6. Conclusion 

A six degree of freedom time-varying triple-mass rigid body model was derived for a 

samara-inspired vehicle with a moving mass actuator on a linear rail to assess the 

possible use of MMC in future samara autorotating wing vehicle design.  For the model, 

BET was used to define the forces and moments used for the equations of motion.  The 

model was then verified against existing published literature.  The results of four case 

studies demonstrated the ability to laterally displace the samara as well as affect the 

biased direction of the displacement.  Case 4 also showed a rough first pass at a 

termination function, but future work would be needed to find a function that causes the 

samara to quickly fall vertically versus a lateral tumble.  Based on the results, MMC 

should be considered as a future design option for samara-inspired vehicles.  

 

With this being the first documented work studying the dynamics of a moving mass 

actuator on a samara inspired vehicle, there is plenty of opportunity for future work.  

First, additional work can be done to make the dynamic model more robust.  Many of the 

simplifying assumptions used by McConnell and Das were carried over to this model; 

however, there is a significant amount of research available that could be leveraged to 

improve the model, to include more sophisticated lift and drag coefficients that better 

incorporate LEV.  A more sophisticated computer aided design of the samara could also 

be developed and used to define more precise moments of inertia.  Additionally, a wind 

profile function could be added to start to evaluate how the moving mass could perform 

outside a benign environment.  The second area of future work could focus on the case 

studies, looking for ways to optimize performance, potentially looking for better moving 

mass functions, changing parameters like length of the rail, speed of ramps, and where to 

place the moving mass to trigger different descent modes.  Lastly, a third area of future 

work could be focused on designing and prototyping a samara inspired vehicle with a 

moving mass actuator in order to validate this model.   
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Appendix A. Rotation Matrix Calculations 

Using a Z-Y-X sequence of rotations defined in Chapter 3, the following calculation is 

used to derive the rotation matrix that relates ℱ𝑖 to ℱ𝑏. 

 

 
where 

 

 
 

Defining the individual rotations as follows, 

 

 

 

 
 

Substituting into the initial equation, 

 

 
 

which simplifies to the following, 

 

 
 

Since the inverse of a rotation matrix is equal to its transpose, we can easily find the 

following relationship. While McConnell and Das did not include a rotation matrix in 

their papers, the following relationship yields consistent results with the translational 

equation of motion used in [1] [2] [3]. 

{𝒃̂} = 𝑹{𝒆̂} 
 

(A-1) 

𝑹 = 𝑹𝑋(𝜓)𝑹𝑌(𝜗)𝑹𝑍(𝜙) 
 

(A-2) 

𝑹𝑋(𝜓) = [
1 0 0
0 cos𝜓 sin𝜓
0 − sin𝜓 cos𝜓

] 

 

(A-3) 

𝑹𝑌(𝜗) = [
cos 𝜗 0 − sin𝜗
0 1 0
sin 𝜗 0 cos 𝜗

] = [
cos(−𝜃) 0 − sin(−𝜃)
0 1 0

sin(−𝜃) 0 cos(−𝜃)
] = [

cos 𝜃 0 sin 𝜃
0 1 0

− sin 𝜃 0 cos 𝜃
] 

 
(A-4) 

 

𝑹𝑍(𝜙) = [
cos 𝜙 sin𝜙 0
−sin𝜙 cos 𝜙 0
0 0 1

] 

 

(A-5) 

𝑹 = [

1 0 0
0 cos𝜓 sin𝜓
0 − sin𝜓 cos𝜓

] [
cos 𝜃 0 sin 𝜃
0 1 0

− sin 𝜃 0 cos 𝜃
] [
cos 𝜙 sin𝜙 0
−sin𝜙 cos 𝜙 0
0 0 1

] 

 

(A-6) 

𝑹 = [

cos 𝜙 cos 𝜃 sin𝜙 cos 𝜃 sin 𝜃
− sin𝜙 cos 𝜓 − cos 𝜙 sin 𝜃 sin𝜓 cos 𝜙 cos 𝜓 − sin𝜙 sin 𝜃 sin𝜓 cos 𝜃 sin𝜓
sin𝜙 sin𝜓 − cos 𝜙 sin 𝜃 cos 𝜓 −cos 𝜙 sin𝜓 − sin𝜙 sin 𝜃 cos 𝜓 cos 𝜃 cos 𝜓

] 
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𝑒̂𝑥
𝑒̂𝑦
𝑒̂𝑧

] = [
cos𝜙 cos 𝜃 −sin 𝜙 cos𝜓 − cos𝜙 sin 𝜃 sin𝜓 sin𝜙 sin𝜓 − cos𝜙 sin 𝜃 cos𝜓
sin𝜙 cos𝜃 cos𝜙 cos𝜓 − sin𝜙 sin 𝜃 sin𝜓 −cos𝜙 sin𝜓 − sin𝜙 sin 𝜃 cos𝜓
sin 𝜃 cos 𝜃 sin𝜓 cos 𝜃 cos𝜓

] [

𝑏̂𝑥
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Appendix B. Derivation of Angular Velocity 

Using the Euler transformation defined in Chapter 3, the first rotation about the 𝑍𝑖-axis 

with angular magnitude of 𝜙 can be expressed by the following, 

 

 
 

where 𝝎𝑖
𝑖′𝑖 ≡ 𝝎𝑖′

𝑖′𝑖  is the angular velocity of the rotation between ℱ𝑖 and ℱ𝑖′ as seen from 

these reference frames, respectively. The second rotation about the 𝑌𝑖′-axis with angular 

magnitude of 𝜗 can be expressed by the following,  

 

 
 

where 𝝎𝑖′
𝑖′′𝑖′ ≡  𝝎𝑖′′

𝑖′′𝑖′ is the angular velocity of the rotation between ℱ𝑖′ and  ℱ𝑖′′ as seen 

from these reference frames, respectively. The coning angle relationship, 𝜗 = −𝜃, as 

described in Chapter 3, yields the following time derivative: 𝜗̇ = −𝜃̇. Therefore, the 

angular velocity can be modified to the following, 

 

 
 

The third and final rotation about the 𝑋𝑖′′-axis with angular magnitude of 𝜓 can be 

expressed by the following, 

 

 
 

where 𝝎𝑖′′
𝑏𝑖′′ ≡  𝝎𝑏

𝑏𝑖′′ is the angular velocity of the rotation between ℱ𝑖′′ and  ℱ𝑏 as seen 

from these reference frames, respectively. 

 

The angular velocity vectors representing these three rotations can be added together to 

find the total angular velocity of the fixed body frame with respect to the inertial 

reference frame, 

 

 
 

To add these vectors together, they must be expressed in the same reference frame.  

Using the following rotation matrices all the vectors can be transformed into ℱ𝑏, which is 

the reference frame of choice, 

𝝎𝑖
𝑖′𝑖 = [0 0 𝜙̇]𝑇     𝝎𝑖′

𝑖′𝑖 = [0 0 𝜙̇]𝑇 
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Substituting these fixed body frame angular velocity terms back into the absolute angular 

velocity equation, 

 

  
 

Now, finding the first order time derivative of 𝝎𝑏𝑖 , 
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𝜓̇ + 𝜙̇ sin 𝜃

𝜙̇ cos 𝜃 sin𝜓 − 𝜃̇ cos 𝜓

𝜙̇ cos 𝜃 cos𝜓 + 𝜃̇ sin𝜓

] 

 

(B-9) 

𝝎̇𝑏𝑖 = [

𝜓̈ + 𝜙̈ sin 𝜃 + 𝜙̇𝜃̇ cos 𝜃

𝜙̈ cos 𝜃 sin𝜓 − 𝜃̈ cos𝜓 − 𝜙̇𝜃̇ sin 𝜃 sin𝜓 + 𝜙̇𝜓̇ cos 𝜃 cos𝜓 + 𝜃̇𝜓̇ sin𝜓

𝜙̈ cos 𝜃 cos𝜓 + 𝜃̈ sin𝜓 − 𝜙̇𝜃̇ sin 𝜃 cos𝜓 − 𝜙̇𝜓̇ cos 𝜃 sin𝜓 + 𝜃̇𝜓̇ cos 𝜓

] 

 

(B-10) 
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Appendix C. Derivation of Moments of Inertia 

Assuming the seed, wing, and moving mass all have constant density, the respective rigid 

body centers of mass would be located at their respective physical centers. The location 

of the center of mass of the composite model with respect to the origin can then be found 

to be the following, 

 

 
 

where 𝑚 represents mass with the subscripts consistent with what has previously been 

defined for the different geometric components of the model.  Anything with the 

subscript “𝑐𝑜𝑚𝑝”  designates the composite model, which includes the seed, wing, and 

moving mass.  The superscripts used throughout this section are used to help determine 

the direction of the vectors that they reference, where 𝑄 denotes the fixed body origin, 𝐶 

denotes the referenced center of mass, and 𝑄𝐶 denotes that the vector is traveling from 

the fixed body origin to the center of mass. Any use of the superscript 𝑇 denotes a vector 

transpose. For each rigid body, the inertial matrices in the respective principle centroidal 

reference frames can be found below, 

 

 
 

 
 

where the moment can be translated to the origin using the parallel axis theorem, 

 

 
 

𝝆𝑐𝑜𝑚𝑝
𝑄𝐶 =

𝑚𝑠 [
0
0
0
] + 𝑚𝑤 [

(𝑙 + 𝑎) 2⁄
0
0

] + 𝑚𝑚 [
𝑠(𝑡)
0
0
]

𝑚𝑐𝑜𝑚𝑝
=

1

𝑚𝑐𝑜𝑚𝑝
[
𝑚𝑤

(𝑙 + 𝑎)

2
+𝑚𝑚(𝑠(𝑡))

0
0

] 
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𝑰𝑠
𝐶 = 𝑰𝑠

𝑄 =

[
 
 
 
 
0 0 0

0
𝑚𝑠𝑙

2

12
0

0 0
𝑚𝑠𝑙

2

12 ]
 
 
 
 

 

 

(C-2) 

𝑰𝑤
𝐶 =

[
 
 
 
 
 
 
𝑚𝑤𝑏

2

12
0 0

0
𝑚𝑤𝑎

2

12
0

0 0
𝑚𝑤(𝑎

2 + 𝑏2)

12 ]
 
 
 
 
 
 

 

 

(C-3) 

𝑰𝑤
𝑄
= 𝑰𝑤

𝐶 +𝑚𝑤[𝝆𝑤
𝑄𝐶𝑇
𝝆𝑤
𝑄𝐶
𝟏 − 𝝆𝑤

𝑄𝐶
𝝆𝑤
𝑄𝐶𝑇
] 

 

(C-4) 
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The moments of inertia of a single mass relative to the origin can be defined by the 

general inertia dyadic of a rigid body [87], 

 

 
 

where  

 

 
 

which results in the following, 

 

 
 

To find the composite moments of inertia, the three individual moments about the origin 

are added together, 

 

 
 

which results in the following, 

 

𝑰𝑤
𝑄 = 𝑰𝑤

𝐶 +𝑚𝑤

(

 
 
 
 

[
 
 
 
 
 
 (
𝑙 + 𝑎

2
)
2

0 0

0 (
𝑙 + 𝑎

2
)
2

0

0 0 (
𝑙 + 𝑎

2
)
2

]
 
 
 
 
 
 

− [
(
𝑙 + 𝑎

2
)
2

0 0

0 0 0
0 0 0

]

)
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𝑰𝑤
𝑄 =

[
 
 
 
 
 
 
𝑚𝑤𝑏

2

12
0 0

0 𝑚𝑤 (
𝑎2

12
+ (
𝑙 + 𝑎

2
)
2

) 0

0 0 𝑚𝑤 (
𝑎2 + 𝑏2

12
+ (
𝑙 + 𝑎

2
)
2

)
]
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𝑰𝑚
𝑄 = ∫[(𝝆𝑚 ⋅ 𝝆𝑚)𝟏 − 𝝆𝑚

𝑇 𝝆𝑚]𝑑𝑚 

 

(C-7) 

𝝆𝑚 = [
𝑠(𝑡)
0
0
] 

 

(C-8) 

𝑰𝑚
𝑄 = [

0 0 0
0 𝑚𝑚[𝑠(𝑡)]

2 0

0 0 𝑚𝑚[𝑠(𝑡)]
2
] 

 

(C-9) 

𝑰𝑐𝑜𝑚𝑝
𝑄 = 𝑰𝑠

𝑄 + 𝑰𝑤
𝑄 + 𝑰𝑚

𝑄
 

 

(C-10) 
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Now using the parallel axis theorem, the moments about the system center of mass can be 

found to be the following [87], 

 

 
 

where 

 

 
 

which leads to the following moments of inertia, 

 

 

 
 

First order time derivatives of moments of inertia, 

 

  

𝑰𝑐𝑜𝑚𝑝
𝑄 = diag

[
 
 
 
 
 
 

𝑚𝑤𝑏
2

12

𝑚𝑠𝑙
2

12
+ 𝑚𝑤 (

𝑎2

12
+ (
𝑙 + 𝑎

2
)
2

) +𝑚𝑚[𝑠(𝑡)]
2

𝑚𝑠𝑙
2

12
+𝑚𝑤 (

𝑎2 + 𝑏2

12
+ (
𝑙 + 𝑎

2
)
2

)+𝑚𝑚[𝑠(𝑡)]
2

]
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𝑰𝑐𝑜𝑚𝑝
𝐶 = 𝑰𝑐𝑜𝑚𝑝

𝑄 +𝑚𝑐𝑜𝑚𝑝[𝝆𝑐𝑜𝑚𝑝
𝑄𝐶𝑇 𝝆𝑐𝑜𝑚𝑝

𝑄𝐶 𝟏 − 𝝆𝑐𝑜𝑚𝑝
𝑄𝐶 𝝆𝑐𝑜𝑚𝑝

𝑄𝐶𝑇 ] 
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𝑚𝑐𝑜𝑚𝑝[𝝆𝑐𝑜𝑚𝑝
𝑄𝐶𝑇

𝝆𝑐𝑜𝑚𝑝
𝑄𝐶

𝟏 − 𝝆𝑐𝑜𝑚𝑝
𝑄𝐶

𝝆𝑐𝑜𝑚𝑝
𝑄𝐶𝑇

] = diag

[
 
 
 
 
 

0

1

𝑚𝑐𝑜𝑚𝑝
(
𝑚𝑤(𝑙 + 𝑎)

2
+ 𝑚𝑚𝑠(𝑡))

2

1

𝑚𝑐𝑜𝑚𝑝
(
𝑚𝑤(𝑙 + 𝑎)

2
+ 𝑚𝑚𝑠(𝑡))

2

]
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𝐼𝑥𝑥 =
𝑚𝑤𝑏

2

12

𝐼𝑦𝑦 =
𝑚𝑠𝑙

2

12
+𝑚𝑤 (

𝑎2

12
+ (
𝑙 + 𝑎

2
)
2

)+ 𝑚𝑚[𝑠(𝑡)]
2 +

1

𝑚𝑐𝑜𝑚𝑝
(
𝑚𝑤(𝑙 + 𝑎)

2
+𝑚𝑚𝑠(𝑡))

2

𝐼𝑧𝑧 =
𝑚𝑠𝑙

2

12
+ 𝑚𝑤 (

𝑎2 + 𝑏2

12
+ (
𝑙 + 𝑎

2
)
2

)+ 𝑚𝑚[𝑠(𝑡)]
2 +

1

𝑚𝑐𝑜𝑚𝑝
(
𝑚𝑤(𝑙 + 𝑎)

2
+𝑚𝑚𝑠(𝑡))

2

 

(C-14) 

 

𝐼𝑥̇𝑥 = 0

𝐼𝑦̇𝑦 = 2𝑚𝑚𝑠(𝑡)𝑠′(𝑡) +
2𝑚𝑚
𝑚𝑐𝑜𝑚𝑝

(
𝑚𝑤(𝑙 + 𝑎)

2
+𝑚𝑚𝑠(𝑡)) 𝑠′(𝑡)

𝐼𝑧̇𝑧 = 2𝑚𝑚𝑠(𝑡)𝑠′(𝑡) +
2𝑚𝑚
𝑚𝑐𝑜𝑚𝑝

(
𝑚𝑤(𝑙 + 𝑎)

2
+ 𝑚𝑚𝑠(𝑡)) 𝑠′(𝑡)

 (C-15) 



 D-1 

Appendix D. Derivation of Rotational Equations of Motion 

Appendix D derives the rotational equations of motion used in this report. Since the 

dynamic model used in this analysis is exploring a time-varying mass distribution of the 

samara, special care must be given to the derivation of the rotational equations of motion. 

Because of the changing mass distribution, the center of mass cannot be used as the point 

of reference of the fixed body reference frame. Alternatively, to establish time-varying 

equations of motion with an arbitrary fixed body reference point, more generalized 

equations must be developed from particle dynamics.  To begin, Figure D-1 is based on a 

figure in [87] and depicts a generalized rigid body.  This figure is used to graphically 

define the terms used throughout this derivation. 

 

 
Figure D-1.  General diagram relating an arbitrary rigid body to the inertial reference 

frame [87]. 

 

For reference point 𝑄 which is fixed to in the body but not the center of mass or a fixed 

point in space [81], 

 

 
 

where 𝑯̇𝑄 is the time derivative of the angular momentum of the samara, 𝑴𝐶 is the 

applied moment about the center of mass, 𝝆𝐶 is the position vector from the reference 

point 𝑄 to the center of mass 𝐶, 𝑭 is the external force acting on the samara, and (𝒗̇𝑂)𝑟 is 

the absolute acceleration of the samara relative to a rotating fixed body reference frame.   

 

Introducing the definition of the angular momentum 𝑯 at reference point 𝑄 [87]: 

𝑯̇𝑄 = 𝑴𝐶 + 𝝆
𝑄𝐶 × (𝑭 − 𝑚(𝒗̇𝑂)𝑟) 

 

(D-1) 
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where 𝑰𝑄 is the moment of inertia of the rigid body about an arbitrary point 𝑄.  Using the 

product rule to find the time derivative of 𝑯𝑄, 

 

 
 

This derivative differs from [87], which assumed the moments of inertia to be composed 

of constant scalar quantities and would cause the second term to equal zero.  Since this 

derivation is considering a time-varying inertial tensor, the second term must be included. 

 

Combining this derivation with the general equation of motion provided at the beginning 

of this section, 

 

 
 

Introducing an equation that defines the absolute acceleration at point 𝑃, 𝒗̇𝑃 and the 

acceleration at the center of mass [81], 

 

 

 
 

 

 

where 𝒗̇𝑂 is the inertial acceleration of the samara fixed body origin and (𝝆̈𝐶)𝑟 is the 

acceleration of the center of mass relative to the fixed body reference frame.  

 

Introducing the parallel axis theorem, a relationship between the moment of inertia about 

𝑄 and the moment of inertia about the center of mass can be defined [87], 

 

 
 

where (𝝆𝐶
𝑇)∘2 is a Hadamard power, denotes an element-wise squared vector, and is 

equivalent to the vector magnitude squared. The Hadamard notation varies from what is 

used in [87] and was adopted for this use since it simplifies the derivative found in the 

following equation, 

 

 
where (𝝆𝐶

𝑇⊙ 𝝆̇𝐶
𝑇)  denotes the Hadamard product, an element-wise product of the two 

vectors. Introducing the general definition of 𝑰𝐶, 

𝑯𝑄 = 𝑰𝑄 ⋅ 𝝎 

 

(D-2) 

𝑯̇𝑄 = 𝑰𝑄 ⋅ 𝝎̇ + 𝑰̇𝑄 ⋅ 𝝎 

 

(D-3) 

𝑴𝐶 + 𝝆𝐶 × (𝑭 − 𝑚(𝒗̇𝑂)𝑟) = 𝑰𝑄 ⋅ 𝝎̇ + 𝑰̇𝑄 ⋅ 𝝎 

 

(D-4) 

(𝒗̇𝑂)𝑟 = 𝒗̇𝑂 + 𝝎̇ × 𝝆𝐶 + 𝝎 × (𝝎 × 𝝆𝐶) + (𝝆̈𝐶)𝑟 + 2𝝎× (𝝆̇𝐶)𝑟 
 

(D-5) 

𝑰𝑄 = 𝑰𝐶 +𝑚((𝝆𝐶
𝑇)∘2𝟏 − 𝝆𝐶𝝆𝐶

𝑇) (D-6) 

𝑰̇𝑄 = 𝑰̇𝐶 +𝑚(2(𝝆𝐶
𝑇⊙ 𝝆̇𝐶

𝑇)𝟏 − (𝝆𝐶𝝆̇𝐶
𝑇 + 𝝆̇𝐶𝝆𝐶

𝑇)) (D-7) 

tangential 

acceleration 
centripetal 

acceleration 
Coriolis acceleration due to a 

velocity relative to rotation frame 
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where 𝑏̂𝑖 and 𝑏̂𝑗 represent unit dyads that are mutually orthogonal and rotate with the 

body.  The term 𝐼𝐶𝑖𝑗  represent the 9 terms of the inertia dyadic about the center of mass. 

 

Using product rule, the time derivative of 𝑰𝐶 can be defined as follows [87], 

 

 
 

Leveraging mathematical properties presented in [87], the second and third terms of the 

derivative can be rewritten as follows using dyadic operations, 

 

 
 

Substituting Equation (D-10) back into Equation (D-7), 

 

 
 

Now, substituting Equations (D-5), (D-6), and (D-11) into Equation (D-4), 

 

 
Expanding the equation yields the following, 

 

𝑰𝐶 =∑∑𝐼𝐶𝑖𝑗𝑏̂𝑖 𝑏̂𝑗

3

𝑗=1

3

𝑖=1

 

 

(D-8) 

𝑰̇𝐶 =∑∑(𝐼𝐶̇ 𝑖𝑗𝑏̂𝑖𝑏̂𝑗 + 𝐼𝐶𝑖𝑗 𝑏̇̂𝑖 𝑏̂𝑗 + 𝐼𝐶𝑖𝑗𝑏̂𝑖 𝑏̇̂𝑗)

3

𝑗=1

3

𝑖=1
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𝑰̇𝐶 =∑∑(𝐼𝐶̇ 𝑖𝑗𝑏̂𝑖𝑏̂𝑗)

3

𝑗=1

3

𝑖=1

+ 𝝎× 𝑰𝐶 − 𝑰𝐶 ×𝝎 

 

(D-10) 

𝑰̇𝑄 =∑∑(𝐼𝐶̇ 𝑖𝑗𝑏̂𝑖𝑏̂𝑗)

3

𝑗=1

3

𝑖=1

+ 𝝎× 𝑰𝐶 − 𝑰𝐶 ×𝝎+𝑚(2(𝝆𝐶
𝑇⊙ 𝝆̇𝐶

𝑇)𝟏 − (𝝆𝐶𝝆̇𝐶
𝑇 + 𝝆̇𝐶𝝆𝐶

𝑇)) 

 
(D-11) 

 

𝑴𝑐 + 𝝆𝑪 × (𝑭 − 𝑚(𝒗̇𝑂 + 𝝎̇ × 𝝆𝐶 +𝝎× (𝝎 × 𝝆𝐶) + (𝝆̈𝐶)𝑟 + 2𝝎 × (𝝆̇𝐶)𝑟))

= (𝑰𝐶 +𝑚((𝝆𝐶
𝑇)∘2𝟏 − 𝝆𝐶𝝆𝐶

𝑇)) ⋅ 𝝎̇

+ (∑∑(𝐼𝐶̇ 𝑖𝑗𝑏̂𝑖 𝑏̂𝑗)

3

𝑗=1

3

𝑖=1

+ 𝝎× 𝑰𝐶 − 𝑰𝐶 ×𝝎

+𝑚(2(𝝆𝐶
𝑇⊙ 𝝆̇𝐶

𝑇)𝟏 − (𝝆𝐶𝝆̇𝐶
𝑇 + 𝝆̇𝐶𝝆𝐶

𝑇))) ⋅ 𝝎 
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Using Newton’s second law, 𝑭 = 𝒎𝒗̇𝑂  and using the dyadic property, (𝑰 × 𝝎) ⋅ 𝝎 = 𝟎 

[87], the equation can be simplified to the following, 

 

 
 

Rearranging terms, where the bracketed terms are a result of using an arbitrary point of 

reference, 

 

 
 

Applying dyadic operations and vector operations to the terms of the equation, 

 

a) 𝑰𝐶 ⋅ 𝝎̇ 

 

 
 

b) ∑ ∑ (𝐼𝐶̇ 𝑖𝑗𝑏𝑖𝑏𝑗)
3
𝑗=1

3
𝑖=1 ⋅ 𝝎 

 

𝑴𝐶 + 𝝆𝑪 × 𝑭 − 𝝆𝑪 ×𝑚𝒗̇𝑂 − 𝝆𝑪 ×𝑚(𝝎̇ × 𝝆𝐶) − 𝝆𝑪 ×𝑚(𝝎× (𝝎 × 𝝆𝐶))
− 𝝆𝑪 ×𝑚(𝝆̈𝐶)𝑟 − 𝝆𝑪 ×𝑚(2𝝎 × (𝝆̇𝐶)𝑟)

= 𝑰𝐶 ⋅ 𝝎̇ + 𝑚((𝝆𝐶
𝑇)∘2𝟏 − 𝝆𝐶𝝆𝐶

𝑇) ⋅ 𝝎̇ +∑∑(𝐼𝐶̇ 𝑖𝑗𝑏𝑖𝑏𝑗)

3

𝑗=1

3

𝑖=1

⋅ 𝝎 +𝝎 × 𝑰𝐶

⋅ 𝝎 − 𝑰𝐶 ×𝝎 ⋅ 𝝎 +𝑚(2(𝝆𝐶
𝑇⊙ 𝝆̇𝐶

𝑇)𝟏 − (𝝆𝐶𝝆̇𝐶
𝑇 + 𝝆̇𝐶𝝆𝐶

𝑇)) ⋅ 𝝎 
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𝑴𝐶 − 𝝆𝑪 ×𝑚(𝝎̇ × 𝝆𝐶) − 𝝆𝑪 ×𝑚(𝝎 × (𝝎 × 𝝆𝐶)) − 𝝆𝑪 ×𝑚(𝝆̈𝐶)𝑟
− 𝝆𝑪 ×𝑚(2𝝎× (𝝆̇𝐶)𝑟)

= 𝑰𝐶 ⋅ 𝝎̇ + 𝑚((𝝆𝐶
𝑇)∘2𝟏 − 𝝆𝐶𝝆𝐶

𝑇) ⋅ 𝝎̇ +∑∑(𝐼𝐶̇ 𝑖𝑗𝑏𝑖𝑏𝑗)

3

𝑗=1

3

𝑖=1

⋅ 𝝎 + 𝝎 × 𝑰𝐶 ⋅ 𝝎

+ 𝑚(2(𝝆𝐶
𝑇⊙ 𝝆̇𝐶

𝑇)𝟏 − (𝝆𝐶𝝆̇𝐶
𝑇 + 𝝆̇𝐶𝝆𝐶

𝑇)) ⋅ 𝝎 
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𝑴𝐶 = 𝑰𝐶 ⋅ 𝝎̇ +∑∑(𝐼𝐶̇ 𝑖𝑗𝑏𝑖𝑏𝑗)

3

𝑗=1

3

𝑖=1

⋅ 𝝎 + 𝝎 × 𝑰𝐶 ⋅ 𝝎

+ [𝑚((𝝆𝐶
𝑇)∘2𝟏 − 𝝆𝐶𝝆𝐶

𝑇) ⋅ 𝝎̇ + 𝑚(2(𝝆𝐶
𝑇⊙ 𝝆̇𝐶

𝑇)𝟏 − (𝝆𝐶𝝆̇𝐶
𝑇 + 𝝆̇𝐶𝝆𝐶

𝑇))

⋅ 𝝎 + 𝝆𝑪 ×𝑚(𝝎̇ × 𝝆𝐶) + 𝝆𝑪 ×𝑚(𝝎 × (𝝎 × 𝝆𝐶)) + 𝝆𝑪 ×𝑚(𝝆̈𝐶)𝑟
+ 𝝆𝑪 ×𝑚(2𝝎 × (𝝆̇𝐶)𝑟)] 
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[

𝐼𝑥𝑥 𝐼𝑥𝑦 𝐼𝑥𝑧
𝐼𝑥𝑦 𝐼𝑦𝑦 𝐼𝑦𝑧
𝐼𝑥𝑧 𝐼𝑦𝑧 𝐼𝑧𝑧

] ⋅ [

𝜔̇𝑥
𝜔̇𝑦
𝜔̇𝑧

] = [

𝐼𝑥𝑥𝜔̇𝑥 + 𝐼𝑥𝑦𝜔̇𝑦 + 𝐼𝑥𝑧𝜔̇𝑧
𝐼𝑥𝑦𝜔̇𝑥 + 𝐼𝑦𝑦𝜔̇𝑦 + 𝐼𝑦𝑧𝜔̇𝑧
𝐼𝑥𝑧𝜔̇𝑥 + 𝐼𝑦𝑧𝜔̇𝑦 + 𝐼𝑧𝑧𝜔̇𝑧

] 

 

(D-16) 
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c) 𝝎× 𝑰𝐶 ⋅ 𝝎 

 

 
 

Compiling the components from the resulting cross-product and evaluating the dot 

products, 

 

 
 

d) 𝑚((𝝆𝐶
𝑇)∘2𝟏 − 𝝆𝐶𝝆𝐶

𝑇) ⋅ 𝝎̇ 

 

 
 

[

𝐼𝑥̇𝑥 𝐼𝑥̇𝑦 𝐼𝑥̇𝑧

𝐼𝑥̇𝑦 𝐼𝑦̇𝑦 𝐼𝑦̇𝑧

𝐼𝑥̇𝑧 𝐼𝑦̇𝑧 𝐼𝑧̇𝑧

] ⋅ [

𝜔𝑥
𝜔𝑦
𝜔𝑧
] = [

𝐼𝑥̇𝑥𝜔𝑥 + 𝐼𝑥̇𝑦𝜔𝑦 + 𝐼𝑥̇𝑧𝜔𝑧

𝐼𝑥̇𝑦𝜔𝑥 + 𝐼𝑦̇𝑦𝜔𝑦 + 𝐼𝑦̇𝑧𝜔𝑧

𝐼𝑥̇𝑧𝜔𝑥 + 𝐼𝑦̇𝑧𝜔𝑦 + 𝐼𝑧̇𝑧𝜔𝑧

] 

 

(D-17) 

|

𝑖̂ 𝑗̂ 𝑘̂
𝜔𝑥 𝜔𝑦 𝜔𝑧
𝐼𝑥𝑥 𝐼𝑥𝑦 𝐼𝑥𝑧

| = [

𝐼𝑥𝑧𝜔𝑦 − 𝐼𝑥𝑦𝜔𝑧
𝐼𝑥𝑥𝜔𝑧 − 𝐼𝑥𝑧𝜔𝑥
𝐼𝑥𝑦𝜔𝑥 − 𝐼𝑥𝑥𝜔𝑦

] , |

𝑖̂ 𝑗̂ 𝑘̂
𝜔𝑥 𝜔𝑦 𝜔𝑧
𝐼𝑥𝑦 𝐼𝑦𝑦 𝐼𝑦𝑧

| = [

𝐼𝑦𝑧𝜔𝑦 − 𝐼𝑦𝑦𝜔𝑧
𝐼𝑥𝑦𝜔𝑧 − 𝐼𝑦𝑧𝜔𝑥
𝐼𝑦𝑦𝜔𝑥 − 𝐼𝑥𝑦𝜔𝑦

], 

 

|
𝑖̂ 𝑗̂ 𝑘̂
𝜔𝑥 𝜔𝑦 𝜔𝑧
𝐼𝑥𝑧 𝐼𝑦𝑧 𝐼𝑧𝑧

| = [

𝐼𝑧𝑧𝜔𝑦 − 𝐼𝑦𝑧𝜔𝑧
𝐼𝑥𝑧𝜔𝑧 − 𝐼𝑧𝑧𝜔𝑥
𝐼𝑦𝑧𝜔𝑥 − 𝐼𝑥𝑧𝜔𝑦

] 

 

(D-18) 

[

𝐼𝑥𝑧𝜔𝑦 − 𝐼𝑥𝑦𝜔𝑧
𝐼𝑦𝑧𝜔𝑦 − 𝐼𝑦𝑦𝜔𝑧
𝐼𝑧𝑧𝜔𝑦 − 𝐼𝑦𝑧𝜔𝑧

]

𝑖̂

⋅ [

𝜔𝑥
𝜔𝑦
𝜔𝑧
]

[

𝐼𝑥𝑥𝜔𝑧 − 𝐼𝑥𝑧𝜔𝑥
𝐼𝑥𝑦𝜔𝑧 − 𝐼𝑦𝑧𝜔𝑥
𝐼𝑥𝑧𝜔𝑧 − 𝐼𝑧𝑧𝜔𝑥

]

𝑗̂

⋅ [

𝜔𝑥
𝜔𝑦
𝜔𝑧
]

[

𝐼𝑥𝑦𝜔𝑥 − 𝐼𝑥𝑥𝜔𝑦
𝐼𝑦𝑦𝜔𝑥 − 𝐼𝑥𝑦𝜔𝑦
𝐼𝑦𝑧𝜔𝑥 − 𝐼𝑥𝑧𝜔𝑦

]

𝑘̂

⋅ [

𝜔𝑥
𝜔𝑦
𝜔𝑧
]

            
⇒   [

𝜔𝑥(𝐼𝑥𝑧𝜔𝑦 − 𝐼𝑥𝑦𝜔𝑧) + 𝜔𝑦(𝐼𝑦𝑧𝜔𝑦 − 𝐼𝑦𝑦𝜔𝑧) + 𝜔𝑧(𝐼𝑧𝑧𝜔𝑦 − 𝐼𝑦𝑧𝜔𝑧)

𝜔𝑥(𝐼𝑥𝑥𝜔𝑧 − 𝐼𝑥𝑧𝜔𝑥) + 𝜔𝑦(𝐼𝑥𝑦𝜔𝑧 − 𝐼𝑦𝑧𝜔𝑥) + 𝜔𝑧(𝐼𝑥𝑧𝜔𝑧 − 𝐼𝑧𝑧𝜔𝑥)

𝜔𝑥(𝐼𝑥𝑦𝜔𝑥 − 𝐼𝑥𝑥𝜔𝑦) + 𝜔𝑦(𝐼𝑦𝑦𝜔𝑥 − 𝐼𝑥𝑦𝜔𝑦) + 𝜔𝑧(𝐼𝑦𝑧𝜔𝑥 − 𝐼𝑥𝑧𝜔𝑦)

] 

 

(D-19) 

𝑚([

𝜌𝑥
2 0 0

0 𝜌𝑦
2 0

0 0 𝜌𝑧
2

] − [

𝜌𝑥
2 𝜌𝑥𝜌𝑦 𝜌𝑥𝜌𝑧

𝜌𝑥𝜌𝑦 𝜌𝑦
2 𝜌𝑦𝜌𝑧

𝜌𝑥𝜌𝑧 𝜌𝑦𝜌𝑧 𝜌𝑧
2

]) = [

0 −𝑚𝜌𝑥𝜌𝑦 −𝑚𝜌𝑥𝜌𝑧
−𝑚𝜌𝑥𝜌𝑦 0 −𝑚𝜌𝑦𝜌𝑧
−𝑚𝜌𝑥𝜌𝑧 −𝑚𝜌𝑦𝜌𝑧 0

] 

 (D-20) 
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e) 𝑚(2(𝝆𝐶
𝑇⊙ 𝝆̇𝐶

𝑇)𝟏 − (𝝆𝐶𝝆̇𝐶
𝑇 + 𝝆̇𝐶𝝆𝐶

𝑇)) ⋅ 𝝎 

 

 
 

 
 

f) 𝝆𝐶 ×𝑚(𝝎̇ × 𝝆𝐶) 
 

 
 

 
 

 

[

0 −𝑚𝜌𝑥𝜌𝑦 −𝑚𝜌𝑥𝜌𝑧
−𝑚𝜌𝑥𝜌𝑦 0 −𝑚𝜌𝑦𝜌𝑧
−𝑚𝜌𝑥𝜌𝑧 −𝑚𝜌𝑦𝜌𝑧 0

] ⋅ [

𝜔̇𝑥
𝜔̇𝑦
𝜔̇𝑧

] = [

−𝑚𝜌𝑥𝜌𝑦𝜔̇𝑦 −𝑚𝜌𝑥𝜌𝑧𝜔̇𝑧
−𝑚𝜌𝑥𝜌𝑦𝜔̇𝑥 −𝑚𝜌𝑦𝜌𝑧𝜔̇𝑧
−𝑚𝜌𝑥𝜌𝑧𝜔̇𝑥 −𝑚𝜌𝑦𝜌𝑧𝜔̇𝑦

] 

 

(D-21) 

𝑚([

2𝜌𝑥𝜌̇𝑥 0 0
0 2𝜌𝑦𝜌̇𝑦 0

0 0 2𝜌𝑧𝜌̇𝑧

] − [

2𝜌𝑥𝜌̇𝑥 𝜌𝑥𝜌̇𝑦 + 𝜌̇𝑥𝜌𝑦 𝜌𝑥𝜌̇𝑧 + 𝜌̇𝑥𝜌𝑧
𝜌𝑥𝜌̇𝑦 + 𝜌̇𝑥𝜌𝑦 2𝜌𝑦𝜌̇𝑦 𝜌𝑦𝜌̇𝑧 + 𝜌̇𝑦𝜌𝑧
𝜌𝑥𝜌̇𝑧 + 𝜌̇𝑥𝜌𝑧 𝜌𝑦𝜌̇𝑧 + 𝜌̇𝑦𝜌𝑧 2𝜌𝑧𝜌̇𝑧

])

= [

0 −𝑚(𝜌𝑥𝜌̇𝑦 + 𝜌̇𝑥𝜌𝑦) −𝑚(𝜌𝑥𝜌̇𝑧 + 𝜌̇𝑥𝜌𝑧)

−𝑚(𝜌𝑥𝜌̇𝑦 + 𝜌̇𝑥𝜌𝑦) 0 −𝑚(𝜌𝑦𝜌̇𝑧 + 𝜌̇𝑦𝜌𝑧)

−𝑚(𝜌𝑥𝜌̇𝑧 + 𝜌̇𝑥𝜌𝑧) −𝑚(𝜌𝑦𝜌̇𝑧 + 𝜌̇𝑦𝜌𝑧) 0

] 

 (D-22) 

 

[

0 −𝑚(𝜌𝑥𝜌̇𝑦 + 𝜌̇𝑥𝜌𝑦) −𝑚(𝜌𝑥𝜌̇𝑧 + 𝜌̇𝑥𝜌𝑧)

−𝑚(𝜌𝑥𝜌̇𝑦 + 𝜌̇𝑥𝜌𝑦) 0 −𝑚(𝜌𝑦𝜌̇𝑧 + 𝜌̇𝑦𝜌𝑧)

−𝑚(𝜌𝑥𝜌̇𝑧 + 𝜌̇𝑥𝜌𝑧) −𝑚(𝜌𝑦𝜌̇𝑧 + 𝜌̇𝑦𝜌𝑧) 0

] ⋅ [

𝜔𝑥
𝜔𝑦
𝜔𝑧
] 

= [

−𝑚𝜔𝑦(𝜌𝑥𝜌̇𝑦 + 𝜌̇𝑥𝜌𝑦) −𝑚𝜔𝑧(𝜌𝑥𝜌̇𝑧 + 𝜌̇𝑥𝜌𝑧)

−𝑚𝜔𝑥(𝜌𝑥𝜌̇𝑦 + 𝜌̇𝑥𝜌𝑦) − 𝑚𝜔𝑧(𝜌𝑦𝜌̇𝑧 + 𝜌̇𝑦𝜌𝑧)

−𝑚𝜔𝑥(𝜌𝑥𝜌̇𝑧 + 𝜌̇𝑥𝜌𝑧) − 𝑚𝜔𝑦(𝜌𝑦𝜌̇𝑧 + 𝜌̇𝑦𝜌𝑧)

] 

 (D-23) 

 

𝑚(𝝎̇ × 𝝆𝐶) = 𝑚 |
𝑖̂ 𝑗̂ 𝑘̂
𝜔̇𝑥 𝜔̇𝑦 𝜔̇𝑧
𝜌𝑥 𝜌𝑦 𝜌𝑧

| = [

𝑚(𝜔̇𝑦𝜌𝑧 − 𝜔̇𝑧𝜌𝑦)

𝑚(𝜔̇𝑧𝜌𝑥 − 𝜔̇𝑥𝜌𝑧)

𝑚(𝜔̇𝑥𝜌𝑦 − 𝜔̇𝑦𝜌𝑥)

] 

 

(D-24) 

|

𝑖̂ 𝑗̂ 𝑘̂
𝜌𝑥 𝜌𝑦 𝜌𝑧

𝑚(𝜔̇𝑦𝜌𝑧 − 𝜔̇𝑧𝜌𝑦) 𝑚(𝜔̇𝑧𝜌𝑥 − 𝜔̇𝑥𝜌𝑧) 𝑚(𝜔̇𝑥𝜌𝑦 − 𝜔̇𝑦𝜌𝑥)

| = 

 

[

𝑚𝜌𝑦(𝜔̇𝑥𝜌𝑦 − 𝜔̇𝑦𝜌𝑥) − 𝑚𝜌𝑧(𝜔̇𝑧𝜌𝑥 − 𝜔̇𝑥𝜌𝑧)

𝑚𝜌𝑧(𝜔̇𝑦𝜌𝑧 − 𝜔̇𝑧𝜌𝑦) −𝑚𝜌𝑥(𝜔̇𝑥𝜌𝑦 − 𝜔̇𝑦𝜌𝑥)

𝑚𝜌𝑥(𝜔̇𝑧𝜌𝑥 − 𝜔̇𝑥𝜌𝑧) −𝑚𝜌𝑦(𝜔̇𝑦𝜌𝑧 − 𝜔̇𝑧𝜌𝑦)

] 

 
(D-25) 
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g) 𝝆𝐶 ×𝑚(𝝎× (𝝎 × 𝝆𝐶)) 
 

 
 

 
 

 
 

 
 

h) 𝝆𝐶 ×𝑚(𝝆̈𝐶)𝑟 
 

 
 

i) 𝝆𝐶 ×𝑚(2𝝎× (𝝆̇𝐶)𝑟) 
 

 
 

(𝝎 × 𝝆𝐶) = |
𝑖̂ 𝑗̂ 𝑘̂
𝜔𝑥 𝜔𝑦 𝜔𝑧
𝜌𝑥 𝜌𝑦 𝜌𝑧

| = [

𝜔𝑦𝜌𝑧 − 𝜔𝑧𝜌𝑦
𝜔𝑧𝜌𝑥 − 𝜔𝑥𝜌𝑧
𝜔𝑥𝜌𝑦 − 𝜔𝑦𝜌𝑥

] 

 

(D-26) 

𝑚(𝝎 × (𝝎 × 𝝆𝐶)) = 𝑚 |
𝑖̂ 𝑗̂ 𝑘̂
𝜔𝑥 𝜔𝑦 𝜔𝑧

𝜔𝑦𝜌𝑧 − 𝜔𝑧𝜌𝑦 𝜔𝑧𝜌𝑥 −𝜔𝑥𝜌𝑧 𝜔𝑥𝜌𝑦 − 𝜔𝑦𝜌𝑥

| 

= [

𝑚𝜔𝑦(𝜔𝑥𝜌𝑦 − 𝜔𝑦𝜌𝑥) −𝑚𝜔𝑧(𝜔𝑧𝜌𝑥 −𝜔𝑥𝜌𝑧)

𝑚𝜔𝑧(𝜔𝑦𝜌𝑧 − 𝜔𝑧𝜌𝑦) − 𝑚𝜔𝑥(𝜔𝑥𝜌𝑦 −𝜔𝑦𝜌𝑥)

𝑚𝜔𝑥(𝜔𝑧𝜌𝑥 −𝜔𝑥𝜌𝑧) − 𝑚𝜔𝑦(𝜔𝑦𝜌𝑧 − 𝜔𝑧𝜌𝑦)

] 

 

(D-27) 

|

𝑖̂ 𝑗̂ 𝑘̂
𝜌𝑥 𝜌𝑦 𝜌𝑧

𝑚𝜔𝑦(𝜔𝑥𝜌𝑦 −𝜔𝑦𝜌𝑥) −𝑚𝜔𝑧(𝜔𝑧𝜌𝑥 −𝜔𝑥𝜌𝑧) 𝑚𝜔𝑧(𝜔𝑦𝜌𝑧 − 𝜔𝑧𝜌𝑦) − 𝑚𝜔𝑥(𝜔𝑥𝜌𝑦 −𝜔𝑦𝜌𝑥) 𝑚𝜔𝑥(𝜔𝑧𝜌𝑥 −𝜔𝑥𝜌𝑧) − 𝑚𝜔𝑦(𝜔𝑦𝜌𝑧 −𝜔𝑧𝜌𝑦)

| 

 (D-28) 

 

[
 
 
 
 𝜌𝑦 (𝑚𝜔𝑥(𝜔𝑧𝜌𝑥 − 𝜔𝑥𝜌𝑧) − 𝑚𝜔𝑦(𝜔𝑦𝜌𝑧 − 𝜔𝑧𝜌𝑦)) − 𝜌𝑧 (𝑚𝜔𝑧(𝜔𝑦𝜌𝑧 − 𝜔𝑧𝜌𝑦) −𝑚𝜔𝑥(𝜔𝑥𝜌𝑦 − 𝜔𝑦𝜌𝑥))

𝜌𝑧 (𝑚𝜔𝑦(𝜔𝑥𝜌𝑦 − 𝜔𝑦𝜌𝑥) − 𝑚𝜔𝑧(𝜔𝑧𝜌𝑥 − 𝜔𝑥𝜌𝑧)) − 𝜌𝑥 (𝑚𝜔𝑥(𝜔𝑧𝜌𝑥 − 𝜔𝑥𝜌𝑧) −𝑚𝜔𝑦(𝜔𝑦𝜌𝑧 −𝜔𝑧𝜌𝑦))

𝜌𝑥 (𝑚𝜔𝑧(𝜔𝑦𝜌𝑧 − 𝜔𝑧𝜌𝑦) − 𝑚𝜔𝑥(𝜔𝑥𝜌𝑦 − 𝜔𝑦𝜌𝑥)) − 𝜌𝑦 (𝑚𝜔𝑦(𝜔𝑥𝜌𝑦 − 𝜔𝑦𝜌𝑥) − 𝑚𝜔𝑧(𝜔𝑧𝜌𝑥 − 𝜔𝑥𝜌𝑧))]
 
 
 
 

 

 (D-29) 

 

𝝆𝒄 ×𝑚(𝝆̈𝑐)𝑟 = |

𝑖̂ 𝑗̂ 𝑘̂
𝜌𝑥 𝜌𝑦 𝜌𝑧

𝑚(𝜌̈𝑥)𝑟 𝑚(𝜌̈𝑦)𝑟 𝑚(𝜌̈𝑧)𝑟

|

= [

𝑚𝜌𝑦(𝜌̈𝑧)𝑟 −𝑚𝜌𝑧(𝜌̈𝑦)𝑟
𝑚𝜌𝑧(𝜌̈𝑥)𝑟 −𝑚𝜌𝑥(𝜌̈𝑧)𝑟
𝑚𝜌𝑥(𝜌̈𝑦)𝑟

−𝑚𝜌𝑦(𝜌̈𝑥)𝑟

] 

 

(D-30) 

𝑚(2𝝎× (𝝆̇𝐶)𝑟) = 𝑚 |

𝑖̂ 𝑗̂ 𝑘̂
𝜔𝑥 𝜔𝑦 𝜔𝑧

(𝜌̇𝑥)𝑟 (𝜌̇𝑦)𝑟
(𝜌̇𝑧)𝑟

| = [

𝑚𝜔𝑦(𝜌̇𝑧)𝑟 −𝑚𝜔𝑧(𝜌̇𝑦)𝑟
𝑚𝜔𝑧(𝜌̇𝑥)𝑟 −𝑚𝜔𝑥(𝜌̇𝑧)𝑟
𝑚𝜔𝑥(𝜌̇𝑦)𝑟 −𝑚𝜔𝑦

(𝜌̇𝑥)𝑟

] 

 (D-31) 
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Substituting the results from Equations (D-16) through (D-32), these operations yields the 

following general equations of motion, 

 

 
 

|

𝑖̂ 𝑗̂ 𝑘̂
𝜌𝑥 𝜌𝑦 𝜌𝑧

𝑚𝜔𝑦(𝜌̇𝑧)𝑟 −𝑚𝜔𝑧(𝜌̇𝑦)𝑟 𝑚𝜔𝑧(𝜌̇𝑥)𝑟 −𝑚𝜔𝑥(𝜌̇𝑧)𝑟 𝑚𝜔𝑥(𝜌̇𝑦)𝑟 −𝑚𝜔𝑦
(𝜌̇𝑥)𝑟

| 

 

=

[
 
 
 
 𝜌𝑦 (𝑚𝜔𝑥(𝜌̇𝑦)𝑟 −𝑚𝜔𝑦

(𝜌̇𝑥)𝑟) − 𝜌𝑧(𝑚𝜔𝑧(𝜌̇𝑥)𝑟 −𝑚𝜔𝑥(𝜌̇𝑧)𝑟)

𝜌𝑧 (𝑚𝜔𝑦(𝜌̇𝑧)𝑟 −𝑚𝜔𝑧(𝜌̇𝑦)𝑟) − 𝜌𝑥 (𝑚𝜔𝑥(𝜌̇𝑦)𝑟 −𝑚𝜔𝑦
(𝜌̇𝑥)𝑟)

𝜌𝑥(𝑚𝜔𝑧(𝜌̇𝑥)𝑟 −𝑚𝜔𝑥(𝜌̇𝑧)𝑟) − 𝜌𝑦 (𝑚𝜔𝑦(𝜌̇𝑧)𝑟 −𝑚𝜔𝑧(𝜌̇𝑦)𝑟) ]
 
 
 
 

 

(D-32) 

 

𝑀𝑥 = (𝐼𝑥𝑥𝜔̇𝑥 + 𝐼𝑥𝑦𝜔̇𝑦 + 𝐼𝑥𝑧𝜔̇𝑧) + (𝐼𝑥̇𝑥𝜔𝑥 + 𝐼𝑥̇𝑦𝜔𝑦 + 𝐼𝑥̇𝑧𝜔𝑧)

+ (𝜔𝑥(𝐼𝑥𝑧𝜔𝑦 − 𝐼𝑥𝑦𝜔𝑧) + 𝜔𝑦(𝐼𝑦𝑧𝜔𝑦 − 𝐼𝑦𝑦𝜔𝑧) + 𝜔𝑧(𝐼𝑧𝑧𝜔𝑦 − 𝐼𝑦𝑧𝜔𝑧))

+ [(−𝑚𝜌𝑥𝜌𝑦𝜔̇𝑦 −𝑚𝜌𝑥𝜌𝑧𝜔̇𝑧)

+ (−𝑚𝜔𝑦(𝜌𝑥𝜌̇𝑦 + 𝜌̇𝑥𝜌𝑦) − 𝑚𝜔𝑧(𝜌𝑥𝜌̇𝑧 + 𝜌̇𝑥𝜌𝑧))

+ (𝑚𝜌𝑦(𝜔̇𝑥𝜌𝑦 − 𝜔̇𝑦𝜌𝑥) − 𝑚𝜌𝑧(𝜔̇𝑧𝜌𝑥 − 𝜔̇𝑥𝜌𝑧))

+ (𝜌𝑦 (𝑚𝜔𝑥(𝜔𝑧𝜌𝑥 − 𝜔𝑥𝜌𝑧) − 𝑚𝜔𝑦(𝜔𝑦𝜌𝑧 −𝜔𝑧𝜌𝑦))

− 𝜌𝑧 (𝑚𝜔𝑧(𝜔𝑦𝜌𝑧 −𝜔𝑧𝜌𝑦) −𝑚𝜔𝑥(𝜔𝑥𝜌𝑦 −𝜔𝑦𝜌𝑥)))

+ (𝑚𝜌𝑦(𝜌̈𝑧)𝑟 −𝑚𝜌𝑧(𝜌̈𝑦)𝑟)

+ (𝜌𝑦 (𝑚𝜔𝑥(𝜌̇𝑦)𝑟 −𝑚𝜔𝑦
(𝜌̇𝑥)𝑟) − 𝜌𝑧(𝑚𝜔𝑧(𝜌̇𝑥)𝑟 −𝑚𝜔𝑥(𝜌̇𝑧)𝑟))] 

 (D-33) 
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Expanding Equations (D-33), (D-34), and (D-35), 

 

 
 

𝑀𝑦 = (𝐼𝑥𝑦𝜔̇𝑥 + 𝐼𝑦𝑦𝜔̇𝑦 + 𝐼𝑦𝑧𝜔̇𝑧) + (𝐼𝑥̇𝑦𝜔𝑥 + 𝐼𝑦̇𝑦𝜔𝑦 + 𝐼𝑦̇𝑧𝜔𝑧)

+ (𝜔𝑥(𝐼𝑥𝑥𝜔𝑧 − 𝐼𝑥𝑧𝜔𝑥) + 𝜔𝑦(𝐼𝑥𝑦𝜔𝑧 − 𝐼𝑦𝑧𝜔𝑥) + 𝜔𝑧(𝐼𝑥𝑧𝜔𝑧 − 𝐼𝑧𝑧𝜔𝑥))

+ [(−𝑚𝜌𝑥𝜌𝑦𝜔̇𝑥 −𝑚𝜌𝑦𝜌𝑧𝜔̇𝑧)

+ (−𝑚𝜔𝑥(𝜌𝑥𝜌̇𝑦 + 𝜌̇𝑥𝜌𝑦) − 𝑚𝜔𝑧(𝜌𝑦𝜌̇𝑧 + 𝜌̇𝑦𝜌𝑧))

+ (𝑚𝜌𝑧(𝜔̇𝑦𝜌𝑧 − 𝜔̇𝑧𝜌𝑦) − 𝑚𝜌𝑥(𝜔̇𝑥𝜌𝑦 − 𝜔̇𝑦𝜌𝑥))

+ (𝜌𝑧 (𝑚𝜔𝑦(𝜔𝑥𝜌𝑦 − 𝜔𝑦𝜌𝑥) −𝑚𝜔𝑧(𝜔𝑧𝜌𝑥 − 𝜔𝑥𝜌𝑧))

− 𝜌𝑥 (𝑚𝜔𝑥(𝜔𝑧𝜌𝑥 − 𝜔𝑥𝜌𝑧) − 𝑚𝜔𝑦(𝜔𝑦𝜌𝑧 −𝜔𝑧𝜌𝑦)))

+ (𝑚𝜌𝑧(𝜌̈𝑥)𝑟 −𝑚𝜌𝑥(𝜌̈𝑧)𝑟)

+ (𝜌𝑧 (𝑚𝜔𝑦(𝜌̇𝑧)𝑟 −𝑚𝜔𝑧(𝜌̇𝑦)𝑟) − 𝜌𝑥 (𝑚𝜔𝑥(𝜌̇𝑦)𝑟 −𝑚𝜔𝑦
(𝜌̇𝑥)𝑟))] 

 (D-34) 

 

𝑀𝑧 = (𝐼𝑥𝑧𝜔̇𝑥 + 𝐼𝑦𝑧𝜔̇𝑦 + 𝐼𝑧𝑧𝜔̇𝑧) + (𝐼𝑥̇𝑧𝜔𝑥 + 𝐼𝑦̇𝑧𝜔𝑦 + 𝐼𝑧̇𝑧𝜔𝑧)

+ (𝜔𝑥(𝐼𝑥𝑦𝜔𝑥 − 𝐼𝑥𝑥𝜔𝑦) + 𝜔𝑦(𝐼𝑦𝑦𝜔𝑥 − 𝐼𝑥𝑦𝜔𝑦) + 𝜔𝑧(𝐼𝑦𝑧𝜔𝑥 − 𝐼𝑥𝑧𝜔𝑦))

+ [(−𝑚𝜌𝑥𝜌𝑧𝜔̇𝑥 −𝑚𝜌𝑦𝜌𝑧𝜔̇𝑦)

+ (−𝑚𝜔𝑥(𝜌𝑥𝜌̇𝑧 + 𝜌̇𝑥𝜌𝑧) −𝑚𝜔𝑦(𝜌𝑦𝜌̇𝑧 + 𝜌̇𝑦𝜌𝑧))

+ (𝑚𝜌𝑥(𝜔̇𝑧𝜌𝑥 − 𝜔̇𝑥𝜌𝑧) − 𝑚𝜌𝑦(𝜔̇𝑦𝜌𝑧 − 𝜔̇𝑧𝜌𝑦))

+ (𝜌𝑥 (𝑚𝜔𝑧(𝜔𝑦𝜌𝑧 −𝜔𝑧𝜌𝑦) −𝑚𝜔𝑥(𝜔𝑥𝜌𝑦 − 𝜔𝑦𝜌𝑥))

− 𝜌𝑦 (𝑚𝜔𝑦(𝜔𝑥𝜌𝑦 − 𝜔𝑦𝜌𝑥) −𝑚𝜔𝑧(𝜔𝑧𝜌𝑥 − 𝜔𝑥𝜌𝑧)))

+ (𝑚𝜌𝑥(𝜌̈𝑦)𝑟 −𝑚𝜌𝑦
(𝜌̈𝑥)𝑟)

+ (𝜌𝑥(𝑚𝜔𝑧(𝜌̇𝑥)𝑟 −𝑚𝜔𝑥(𝜌̇𝑧)𝑟) − 𝜌𝑦 (𝑚𝜔𝑦(𝜌̇𝑧)𝑟 −𝑚𝜔𝑧(𝜌̇𝑦)𝑟))] 

 (D-35) 

 

𝑀𝑥 = 𝐼𝑥𝑥𝜔̇𝑥 + 𝐼𝑥𝑦𝜔̇𝑦 + 𝐼𝑥𝑧𝜔̇𝑧 + 𝐼𝑥̇𝑥𝜔𝑥 + 𝐼𝑥̇𝑦𝜔𝑦 + 𝐼𝑥̇𝑧𝜔𝑧 + 𝐼𝑥𝑧𝜔𝑥𝜔𝑦 − 𝐼𝑥𝑦𝜔𝑥𝜔𝑧
+ 𝐼𝑦𝑧𝜔𝑦

2 − 𝐼𝑦𝑦𝜔𝑦𝜔𝑧 + 𝐼𝑧𝑧𝜔𝑦𝜔𝑧 − 𝐼𝑦𝑧𝜔𝑧
2

+ [−𝑚𝜔̇𝑦𝜌𝑥𝜌𝑦 −𝑚𝜔̇𝑧𝜌𝑥𝜌𝑧 −𝑚𝜔𝑦𝜌𝑥𝜌̇𝑦 −𝑚𝜔𝑦𝜌̇𝑥𝜌𝑦 −𝑚𝜔𝑧𝜌𝑥𝜌̇𝑧

−𝑚𝜔𝑧𝜌̇𝑥𝜌𝑧 +𝑚𝜔̇𝑥𝜌𝑦
2 −𝑚𝜔̇𝑦𝜌𝑥𝜌𝑦 −𝑚𝜔̇𝑧𝜌𝑥𝜌𝑧 +𝑚𝜔̇𝑥𝜌𝑧

2

+𝑚𝜔𝑥𝜔𝑧𝜌𝑥𝜌𝑦 −𝑚𝜔𝑥
2𝜌𝑦𝜌𝑧 −𝑚𝜔𝑦

2𝜌𝑦𝜌𝑧 +𝑚𝜔𝑦𝜔𝑧𝜌𝑦
2 −𝑚𝜔𝑦𝜔𝑧𝜌𝑧

2

+𝑚𝜔𝑧
2𝜌𝑦𝜌𝑧 +𝑚𝜔𝑥

2𝜌𝑦𝜌𝑧 −𝑚𝜔𝑥𝜔𝑦𝜌𝑥𝜌𝑧 +𝑚𝜌𝑦(𝜌̈𝑧)𝑟 −𝑚𝜌𝑧(𝜌̈𝑦)𝑟
+𝑚𝜔𝑥𝜌𝑦(𝜌̇𝑦)𝑟

−𝑚𝜔𝑦𝜌𝑦(𝜌̇𝑥)𝑟 −𝑚𝜔𝑧𝜌𝑧(𝜌̇𝑥)𝑟 +𝑚𝜔𝑥𝜌𝑧(𝜌̇𝑧)𝑟] 

 (D-36) 
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Rearranging terms yields the following generalized rigid body rotational equations of 

motion with a time-varying mass distribution and an arbitrary reference point. From these 

equations, we can easily see that the derived equation simplifies to the Generalized Euler 

equation provided in [87] for a fixed body reference frame origin at the center of mass 

and a time-constant mass distribution. 

 

 
 

𝑀𝑦 = 𝐼𝑥𝑦𝜔̇𝑥 + 𝐼𝑦𝑦𝜔̇𝑦 + 𝐼𝑦𝑧𝜔̇𝑧 + 𝐼𝑥̇𝑦𝜔𝑥 + 𝐼𝑦̇𝑦𝜔𝑦 + 𝐼𝑦̇𝑧𝜔𝑧 + 𝐼𝑥𝑥𝜔𝑥𝜔𝑧 − 𝐼𝑥𝑧𝜔𝑥
2

+ 𝐼𝑥𝑦𝜔𝑦𝜔𝑧 − 𝐼𝑦𝑧𝜔𝑥𝜔𝑦 + 𝐼𝑥𝑧𝜔𝑧
2 − 𝐼𝑧𝑧𝜔𝑥𝜔𝑧

+ [−𝑚𝜔̇𝑥𝜌𝑥𝜌𝑦 −𝑚𝜌𝑦𝜌𝑧𝜔̇𝑧 −𝑚𝜔𝑥𝜌𝑥𝜌̇𝑦 −𝑚𝜔𝑥𝜌̇𝑥𝜌𝑦 −𝑚𝜔𝑧𝜌𝑦𝜌̇𝑧

−𝑚𝜔𝑧𝜌̇𝑦𝜌𝑧 +𝑚𝜔̇𝑦𝜌𝑧
2 −𝑚𝜔̇𝑧𝜌𝑦𝜌𝑧 −𝑚𝜔̇𝑥𝜌𝑥𝜌𝑦 +𝑚𝜔̇𝑦𝜌𝑥

2

+𝑚𝜔𝑥𝜔𝑦𝜌𝑦𝜌𝑧 −𝑚𝜔𝑦
2𝜌𝑥𝜌𝑧 −𝑚𝜔𝑧

2𝜌𝑥𝜌𝑧 +𝑚𝜔𝑥𝜔𝑧𝜌𝑧
2 −𝑚𝜔𝑥𝜔𝑧𝜌𝑥

2

+𝑚𝜔𝑥
2𝜌𝑥𝜌𝑧 +𝑚𝜔𝑦

2𝜌𝑥𝜌𝑧 −𝑚𝜔𝑦𝜔𝑧𝜌𝑥𝜌𝑦 +𝑚𝜌𝑧(𝜌̈𝑥)𝑟 −𝑚𝜌𝑥(𝜌̈𝑧)𝑟

+𝑚𝜔𝑦𝜌𝑧(𝜌̇𝑧)𝑟 −𝑚𝜔𝑧𝜌𝑧(𝜌̇𝑦)𝑟 −𝑚𝜔𝑥𝜌𝑥(𝜌̇𝑦)𝑟 +𝑚𝜔𝑦𝜌𝑥
(𝜌̇𝑥)𝑟] 

 
(D-37) 

 

𝑀𝑧 = 𝐼𝑥𝑧𝜔̇𝑥 + 𝐼𝑦𝑧𝜔̇𝑦 + 𝐼𝑧𝑧𝜔̇𝑧 + 𝐼𝑥̇𝑧𝜔𝑥 + 𝐼𝑦̇𝑧𝜔𝑦 + 𝐼𝑧̇𝑧𝜔𝑧 + 𝐼𝑥𝑦𝜔𝑥
2 − 𝐼𝑥𝑥𝜔𝑥𝜔𝑦

+ 𝐼𝑦𝑦𝜔𝑥𝜔𝑦 − 𝐼𝑥𝑦𝜔𝑦
2 + 𝐼𝑦𝑧𝜔𝑥𝜔𝑧 − 𝐼𝑥𝑧𝜔𝑦𝜔𝑧

+ [−𝑚𝜌𝑥𝜌𝑧𝜔̇𝑥 −𝑚𝜌𝑦𝜌𝑧𝜔̇𝑦 −𝑚𝜔𝑥𝜌𝑥𝜌̇𝑧 −𝑚𝜔𝑥𝜌̇𝑥𝜌𝑧 −𝑚𝜔𝑦𝜌𝑦𝜌̇𝑧

−𝑚𝜔𝑦𝜌̇𝑦𝜌𝑧 +𝑚𝜔̇𝑧𝜌𝑥
2 −𝑚𝜔̇𝑥𝜌𝑥𝜌𝑧 −𝑚𝜔̇𝑦𝜌𝑦𝜌𝑧 +𝑚𝜔̇𝑧𝜌𝑦

2

+𝑚𝜔𝑦𝜔𝑧𝜌𝑥𝜌𝑧 −𝑚𝜔𝑧
2𝜌𝑥𝜌𝑦 −𝑚𝜔𝑥

2𝜌𝑥𝜌𝑦 +𝑚𝜔𝑥𝜔𝑦𝜌𝑥
2 −𝑚𝜔𝑥𝜔𝑦𝜌𝑦

2

+𝑚𝜔𝑦
2𝜌𝑥𝜌𝑦 +𝑚𝜔𝑧

2𝜌𝑥𝜌𝑦 −𝑚𝜔𝑥𝜔𝑧𝜌𝑦𝜌𝑧 +𝑚𝜌𝑥(𝜌̈𝑦)𝑟 −𝑚𝜌𝑦
(𝜌̈𝑥)𝑟

+𝑚𝜔𝑧𝜌𝑥(𝜌̇𝑥)𝑟 −𝑚𝜔𝑥𝜌𝑥(𝜌̇𝑧)𝑟 −𝑚𝜔𝑦𝜌𝑦(𝜌̇𝑧)𝑟 +𝑚𝜔𝑧𝜌𝑦(𝜌̇𝑦)𝑟
] 

 (D-38) 

 

𝑀𝑥 = 𝐼𝑥𝑥𝜔̇𝑥 + 𝐼𝑥𝑦(𝜔̇𝑦 − 𝜔𝑥𝜔𝑧) + 𝐼𝑥𝑧(𝜔̇𝑧 + 𝜔𝑥𝜔𝑦) + (𝐼𝑧𝑧 − 𝐼𝑦𝑦)𝜔𝑦𝜔𝑧
+ 𝐼𝑦𝑧(𝜔𝑦

2 −𝜔𝑧
2) + 𝐼𝑥̇𝑥𝜔𝑥 + 𝐼𝑥̇𝑦𝜔𝑦 + 𝐼𝑥̇𝑧𝜔𝑧

−𝑚 [2𝜌𝑥𝜌𝑦𝜔̇𝑦 + 2𝜌𝑥𝜌𝑧𝜔̇𝑧 +𝜔𝑦(𝜌𝑥𝜌̇𝑦 + 𝜌̇𝑥𝜌𝑦) + 𝜔𝑧(𝜌𝑥𝜌̇𝑧 + 𝜌̇𝑥𝜌𝑧)

− 𝜔̇𝑥(𝜌𝑦
2 + 𝜌𝑧

2) + 𝜌𝑦𝜌𝑧(𝜔𝑦
2 − 𝜔𝑧

2) + 𝜔𝑦𝜔𝑧(𝜌𝑧
2 − 𝜌𝑦

2)

+ (𝜌̇𝑥)𝑟(𝜔𝑦𝜌𝑦 + 𝜔𝑧𝜌𝑧) − 𝜌𝑦 ((𝜌̈𝑧)𝑟 +𝜔𝑥(𝜌̇𝑦)𝑟 +𝜔𝑥𝜔𝑧𝜌𝑥)

+ 𝜌𝑧 ((𝜌̈𝑦)𝑟 − 𝜔𝑥
(𝜌̇𝑧)𝑟 + 𝜔𝑥𝜔𝑦𝜌𝑥)] 

 (D-39) 
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As detailed to a greater extent in Chapter 3, the samara model is using principal axes.  

The Euler equations can thereby be simplified to the following, 

 

 
 

 

𝑀𝑦 = 𝐼𝑥𝑦(𝜔̇𝑥 + 𝜔𝑦𝜔𝑧) + 𝐼𝑦𝑦𝜔̇𝑦 + 𝐼𝑦𝑧(𝜔̇𝑧 −𝜔𝑥𝜔𝑦) + (𝐼𝑥𝑥 − 𝐼𝑧𝑧)𝜔𝑥𝜔𝑧
+ 𝐼𝑥𝑧(𝜔𝑧

2 − 𝜔𝑥
2) + 𝐼𝑥̇𝑦𝜔𝑥 + 𝐼𝑦̇𝑦𝜔𝑦 + 𝐼𝑦̇𝑧𝜔𝑧

−𝑚 [2𝜌𝑥𝜌𝑦𝜔̇𝑥 + 2𝜌𝑦𝜌𝑧𝜔̇𝑧 + 𝜔𝑥(𝜌𝑥𝜌̇𝑦 + 𝜌̇𝑥𝜌𝑦) + 𝜔𝑧(𝜌𝑦𝜌̇𝑧 + 𝜌̇𝑦𝜌𝑧)

− 𝜔̇𝑦(𝜌𝑧
2 + 𝜌𝑥

2) + 𝜌𝑥𝜌𝑧(𝜔𝑧
2 − 𝜔𝑥

2) + 𝜔𝑥𝜔𝑧(𝜌𝑥
2 − 𝜌𝑧

2)

+ (𝜌̇𝑦)𝑟
(𝜔𝑧𝜌𝑧 +𝜔𝑥𝜌𝑥) − 𝜌𝑧((𝜌̈𝑥)𝑟 +𝜔𝑦(𝜌̇𝑧)𝑟 + 𝜔𝑥𝜔𝑦𝜌𝑦)

+ 𝜌𝑥((𝜌̈𝑧)𝑟 − 𝜔𝑦(𝜌̇𝑥)𝑟 +𝜔𝑦𝜔𝑧𝜌𝑦)] 

 (D-40) 

 

𝑀𝑧 = 𝐼𝑥𝑧(𝜔̇𝑥 − 𝜔𝑦𝜔𝑧) + 𝐼𝑦𝑧(𝜔̇𝑦 +𝜔𝑥𝜔𝑧) + 𝐼𝑧𝑧𝜔̇𝑧 + (𝐼𝑦𝑦 − 𝐼𝑥𝑥)𝜔𝑥𝜔𝑦
+ 𝐼𝑥𝑦(𝜔𝑥

2 −𝜔𝑦
2) + 𝐼𝑥̇𝑧𝜔𝑥 + 𝐼𝑦̇𝑧𝜔𝑦 + 𝐼𝑧̇𝑧𝜔𝑧

−𝑚 [2𝜌𝑥𝜌𝑧𝜔̇𝑥 + 2𝜌𝑦𝜌𝑧𝜔̇𝑦 +𝜔𝑥(𝜌𝑥𝜌̇𝑧 + 𝜌̇𝑥𝜌𝑧) + 𝜔𝑦(𝜌𝑦𝜌̇𝑧 + 𝜌̇𝑦𝜌𝑧)

− 𝜔̇𝑧(𝜌𝑥
2 + 𝜌𝑦

2) + 𝜌𝑥𝜌𝑦(𝜔𝑥
2 −𝜔𝑦

2) + 𝜔𝑥𝜔𝑦(𝜌𝑦
2 − 𝜌𝑥

2)

+ (𝜌̇𝑧)𝑟(𝜔𝑥𝜌𝑥 + 𝜔𝑦𝜌𝑦) − 𝜌𝑥 ((𝜌̈𝑦)𝑟 +𝜔𝑧
(𝜌̇𝑥)𝑟 +𝜔𝑦𝜔𝑧𝜌𝑧)

+ 𝜌𝑦 ((𝜌̈𝑥)𝑟 − 𝜔𝑧(𝜌̇𝑦)𝑟 +𝜔𝑥𝜔𝑧𝜌𝑧)] 

 (D-41) 

 

𝑀𝑥 = 𝐼𝑥𝑥𝜔̇𝑥 + (𝐼𝑧𝑧 − 𝐼𝑦𝑦)𝜔𝑦𝜔𝑧 + 𝐼𝑥̇𝑥𝜔𝑥

−𝑚 [2𝜌𝑥𝜌𝑦𝜔̇𝑦 + 2𝜌𝑥𝜌𝑧𝜔̇𝑧 +𝜔𝑦(𝜌𝑥𝜌̇𝑦 + 𝜌̇𝑥𝜌𝑦) + 𝜔𝑧(𝜌𝑥𝜌̇𝑧 + 𝜌̇𝑥𝜌𝑧)

− 𝜔̇𝑥(𝜌𝑦
2 + 𝜌𝑧

2) + 𝜌𝑦𝜌𝑧(𝜔𝑦
2 − 𝜔𝑧

2) + 𝜔𝑦𝜔𝑧(𝜌𝑧
2 − 𝜌𝑦

2)

+ (𝜌̇𝑥)𝑟(𝜔𝑦𝜌𝑦 + 𝜔𝑧𝜌𝑧) − 𝜌𝑦 ((𝜌̈𝑧)𝑟 +𝜔𝑥(𝜌̇𝑦)𝑟 +𝜔𝑥𝜔𝑧𝜌𝑥)

+ 𝜌𝑧 ((𝜌̈𝑦)𝑟 − 𝜔𝑥
(𝜌̇𝑧)𝑟 + 𝜔𝑥𝜔𝑦𝜌𝑥)] 

 (D-42) 

 

𝑀𝑦 = 𝐼𝑦𝑦𝜔̇𝑦 + (𝐼𝑥𝑥 − 𝐼𝑧𝑧)𝜔𝑥𝜔𝑧 + 𝐼𝑦̇𝑦𝜔𝑦

−𝑚 [2𝜌𝑥𝜌𝑦𝜔̇𝑥 + 2𝜌𝑦𝜌𝑧𝜔̇𝑧 + 𝜔𝑥(𝜌𝑥𝜌̇𝑦 + 𝜌̇𝑥𝜌𝑦) + 𝜔𝑧(𝜌𝑦𝜌̇𝑧 + 𝜌̇𝑦𝜌𝑧)

− 𝜔̇𝑦(𝜌𝑧
2 + 𝜌𝑥

2) + 𝜌𝑥𝜌𝑧(𝜔𝑧
2 − 𝜔𝑥

2) + 𝜔𝑥𝜔𝑧(𝜌𝑥
2 − 𝜌𝑧

2)

+ (𝜌̇𝑦)𝑟
(𝜔𝑧𝜌𝑧 +𝜔𝑥𝜌𝑥) − 𝜌𝑧((𝜌̈𝑥)𝑟 +𝜔𝑦(𝜌̇𝑧)𝑟 + 𝜔𝑥𝜔𝑦𝜌𝑦)

+ 𝜌𝑥((𝜌̈𝑧)𝑟 − 𝜔𝑦(𝜌̇𝑥)𝑟 +𝜔𝑦𝜔𝑧𝜌𝑦)] 

 (D-43) 
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D.1. Time-Varying Mass Implementation 

Now, the derived generalized rotational equations of motion for time-varying mass 

distribution using the samara-inspired vehicle diagrammed in Figure 3-3 can be applied.  

The moving mass is constrained to moving along a linear rail that coincides with the  𝑋𝑏-

axis, which means 𝜌𝑦 = 0 and 𝜌𝑧 = 0 for all time.  Applying this constraint to Equations 

(D-42), (D-43), and (D-44) yields the following, 

 

 
 

 
 

 
 

Substituting the angular velocity terms found in Equations (B-9) and (B-10) into 

Equations (D-45), (D-46), and (D-47), 

 

 
 

 
 

 
 

Solving Equations (D-48), (D-49), and (D-50) for 𝜙̈,  𝜃̈, and 𝜓̈,  

 

𝑀𝑧 = 𝐼𝑧𝑧𝜔̇𝑧 + (𝐼𝑦𝑦 − 𝐼𝑥𝑥)𝜔𝑥𝜔𝑦 + 𝐼𝑧̇𝑧𝜔𝑧

−𝑚 [2𝜌𝑥𝜌𝑧𝜔̇𝑥 + 2𝜌𝑦𝜌𝑧𝜔̇𝑦 +𝜔𝑥(𝜌𝑥𝜌̇𝑧 + 𝜌̇𝑥𝜌𝑧) + 𝜔𝑦(𝜌𝑦𝜌̇𝑧 + 𝜌̇𝑦𝜌𝑧)

− 𝜔̇𝑧(𝜌𝑥
2 + 𝜌𝑦

2) + 𝜌𝑥𝜌𝑦(𝜔𝑥
2 −𝜔𝑦

2) + 𝜔𝑥𝜔𝑦(𝜌𝑦
2 − 𝜌𝑥

2)

+ (𝜌̇𝑧)𝑟(𝜔𝑥𝜌𝑥 + 𝜔𝑦𝜌𝑦) − 𝜌𝑥 ((𝜌̈𝑦)𝑟 +𝜔𝑧
(𝜌̇𝑥)𝑟 +𝜔𝑦𝜔𝑧𝜌𝑧)

+ 𝜌𝑦 ((𝜌̈𝑥)𝑟 − 𝜔𝑧(𝜌̇𝑦)𝑟 +𝜔𝑥𝜔𝑧𝜌𝑧)] 

 (D-44) 

 

𝑀𝑥 = 𝐼𝑥𝑥𝜔̇𝑥 + (𝐼𝑧𝑧 − 𝐼𝑦𝑦)𝜔𝑦𝜔𝑧 + 𝐼𝑥̇𝑥𝜔𝑥 

 
(D-45) 

𝑀𝑦 = (𝐼𝑦𝑦 +𝑚𝜌𝑥
2)𝜔̇𝑦 + (𝐼𝑥𝑥 − 𝐼𝑧𝑧 −𝑚𝜌𝑥

2)𝜔𝑥𝜔𝑧 + (𝐼𝑦̇𝑦 +𝑚𝜌𝑥(𝜌̇𝑥)𝑟)𝜔𝑦 

 
(D-46) 

𝑀𝑧 = (𝐼𝑧𝑧 +𝑚𝜌𝑥
2)𝜔̇𝑧 + (𝐼𝑦𝑦 − 𝐼𝑥𝑥 +𝑚𝜌𝑥

2)𝜔𝑥𝜔𝑦 + (𝐼𝑧̇𝑧 +𝑚𝜌𝑥(𝜌̇𝑥)𝑟)𝜔𝑧 

 
(D-47) 

𝑀𝑥 = 𝐼𝑥𝑥(𝜓̈ + 𝜙̈ sin 𝜃 + 𝜙̇𝜃̇ cos 𝜃)

+ (𝐼𝑧𝑧 − 𝐼𝑦𝑦)(𝜙̇ cos 𝜃 sin𝜓 − 𝜃̇ cos 𝜓)(𝜙̇ cos 𝜃 cos𝜓 + 𝜃̇ sin𝜓)

+ 𝐼𝑥̇𝑥(𝜓̇ + 𝜙̇ sin𝜃) 

 

(D-48) 

𝑀𝑦 = (𝐼𝑦𝑦 +𝑚𝜌𝑥
2)(𝜙̈ cos 𝜃 sin𝜓 − 𝜃̈ cos 𝜓 − 𝜙̇𝜃̇ sin𝜃 sin𝜓 + 𝜙̇𝜓̇ cos 𝜃 cos𝜓

+ 𝜃̇𝜓̇ sin𝜓)

+ (𝐼𝑥𝑥 − 𝐼𝑧𝑧 −𝑚𝜌𝑥
2)(𝜓̇ + 𝜙̇ sin 𝜃)(𝜙̇ cos 𝜃 cos 𝜓 + 𝜃̇ sin𝜓)

+ (𝐼𝑦̇𝑦 +𝑚𝜌𝑥(𝜌̇𝑥)𝑟)(𝜙̇ cos 𝜃 sin𝜓 − 𝜃̇ cos𝜓) 

 

(D-49) 

𝑀𝑧 = (𝐼𝑧𝑧 +𝑚𝜌𝑥
2)(𝜙̈ cos 𝜃 cos𝜓 + 𝜃̈ sin𝜓 − 𝜙̇𝜃̇ sin𝜃 cos𝜓 − 𝜙̇𝜓̇ cos 𝜃 sin𝜓

+ 𝜃̇𝜓̇ cos 𝜓)

+ (𝐼𝑦𝑦 − 𝐼𝑥𝑥 +𝑚𝜌𝑥
2)(𝜓̇ + 𝜙̇ sin 𝜃)(𝜙̇ cos 𝜃 sin𝜓 − 𝜃̇ cos 𝜓)

+ (𝐼𝑧̇𝑧 +𝑚𝜌𝑥(𝜌̇𝑥)𝑟)(𝜙̇ cos 𝜃 cos 𝜓 + 𝜃̇ sin𝜓) 

 

(D-50) 
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𝜓̈ =
𝑀𝑥
𝐼𝑥𝑥
−
(𝐼𝑧𝑧 − 𝐼𝑦𝑦)

𝐼𝑥𝑥
(𝜙̇ cos 𝜃 sin𝜓 − 𝜃̇ cos 𝜓)(𝜙̇ cos 𝜃 cos 𝜓 + 𝜃̇ sin 𝜓)

−
𝐼𝑥̇𝑥
𝐼𝑥𝑥
(𝜓̇ + 𝜙̇ sin 𝜃) − 𝜙̈ sin 𝜃 − 𝜙̇𝜃̇ cos 𝜃 

 

(D-51) 

𝜃̈ = −
𝑀𝑦

(𝐼𝑦𝑦 +𝑚𝜌𝑥2) cos 𝜓

+
(𝐼𝑥𝑥 − 𝐼𝑧𝑧 −𝑚𝜌𝑥

2)

(𝐼𝑦𝑦 +𝑚𝜌𝑥2) cos 𝜓
(𝜓̇ + 𝜙̇ sin 𝜃)(𝜙̇ cos 𝜃 cos 𝜓 + 𝜃̇ sin𝜓)

+
(𝐼𝑦̇𝑦 +𝑚𝜌𝑥(𝜌̇𝑥)𝑟)

(𝐼𝑦𝑦 +𝑚𝜌𝑥2) cos 𝜓
(𝜙̇ cos 𝜃 sin𝜓 − 𝜃̇ cos𝜓) +

𝜙̈ cos 𝜃 sin𝜓

cos𝜓

−
𝜙̇𝜃̇ sin 𝜃 sin𝜓

cos𝜓
+
𝜙̇𝜓̇ cos 𝜃 cos 𝜓

cos 𝜓
+
𝜃̇𝜓̇ sin𝜓

cos𝜓
 

 

(D-52) 

𝜙̈ =
𝑀𝑧

(𝐼𝑧𝑧 +𝑚𝜌𝑥2) cos 𝜃 cos𝜓

−
(𝐼𝑦𝑦 − 𝐼𝑥𝑥 +𝑚𝜌𝑥

2)

(𝐼𝑧𝑧 +𝑚𝜌𝑥2) cos 𝜃 cos𝜓
(𝜓̇ + 𝜙̇ sin 𝜃)(𝜙̇ cos 𝜃 sin𝜓 − 𝜃̇ cos𝜓)

−
(𝐼𝑧̇𝑧 +𝑚𝜌𝑥(𝜌̇𝑥)𝑟)

(𝐼𝑧𝑧 +𝑚𝜌𝑥2) cos 𝜃 cos𝜓
(𝜙̇ cos 𝜃 cos𝜓 + 𝜃̇ sin𝜓) −

𝜃̈ sin𝜓

cos 𝜃 cos𝜓

+
𝜙̇𝜃̇ sin 𝜃 cos𝜓

cos 𝜃 cos𝜓
+
𝜙̇𝜓̇ cos 𝜃 sin𝜓

cos 𝜃 cos 𝜓
−
𝜃̇𝜓̇ cos 𝜓

cos 𝜃 cos 𝜓
 

 
(D-53) 
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Substituting the Equations (D-52) and (D-53) into each other to find independent 

equations of motion for 𝜃̈ and 𝜙̈, 

 

 
 

 

𝜃̈ = −
𝑀𝑦

(𝐼𝑦𝑦 +𝑚𝜌𝑥2) cos 𝜓
(cos𝜓 cos 𝜓)

+
(𝐼𝑥𝑥 − 𝐼𝑧𝑧 −𝑚𝜌𝑥

2)

(𝐼𝑦𝑦 +𝑚𝜌𝑥2) cos 𝜓
(cos𝜓 cos𝜓)(𝜓̇ + 𝜙̇ sin 𝜃)(𝜙̇ cos 𝜃 cos𝜓

+ 𝜃̇ sin𝜓)

+
(𝐼𝑦̇𝑦 +𝑚𝜌𝑥(𝜌̇𝑥)𝑟)

(𝐼𝑦𝑦 +𝑚𝜌𝑥2) cos 𝜓
(cos𝜓 cos𝜓)(𝜙̇ cos 𝜃 sin𝜓 − 𝜃̇ cos 𝜓)

+
𝑀𝑧

(𝐼𝑧𝑧 +𝑚𝜌𝑥2) cos 𝜃 cos𝜓
(cos 𝜓 cos 𝜓)(

cos 𝜃 sin𝜓

cos 𝜓
)

−
(𝐼𝑦𝑦 − 𝐼𝑥𝑥 +𝑚𝜌𝑥

2)

(𝐼𝑧𝑧 +𝑚𝜌𝑥2) cos 𝜃 cos𝜓
(cos 𝜓 cos 𝜓)(

cos 𝜃 sin𝜓

cos 𝜓
) (𝜓̇

+ 𝜙̇ sin 𝜃)(𝜙̇ cos 𝜃 sin𝜓 − 𝜃̇ cos 𝜓)

−
(𝐼𝑧̇𝑧 +𝑚𝜌𝑥(𝜌̇𝑥)𝑟)

(𝐼𝑧𝑧 +𝑚𝜌𝑥2) cos 𝜃 cos𝜓
(cos 𝜓 cos 𝜓)(

cos 𝜃 sin𝜓

cos 𝜓
) (𝜙̇ cos 𝜃 cos 𝜓

+ 𝜃̇ sin𝜓) +
𝜙̇𝜃̇ sin 𝜃 cos𝜓

cos 𝜃 cos𝜓
(cos 𝜓 cos 𝜓)(

cos 𝜃 sin𝜓

cos 𝜓
)

+
𝜙̇𝜓̇ cos 𝜃 sin𝜓

cos 𝜃 cos𝜓
(cos𝜓 cos𝜓) (

cos 𝜃 sin𝜓

cos𝜓
)

−
𝜃̇𝜓̇ cos 𝜓

cos 𝜃 cos𝜓
(cos 𝜓 cos 𝜓)(

cos 𝜃 sin𝜓

cos 𝜓
)

−
𝜙̇𝜃̇ sin 𝜃 sin𝜓

cos𝜓
(cos 𝜓 cos𝜓) +

𝜙̇𝜓̇ cos 𝜃 cos 𝜓

cos 𝜓
(cos𝜓 cos𝜓)

+
𝜃̇𝜓̇ sin 𝜓

cos 𝜓
(cos 𝜓 cos𝜓) 

(D-54) 
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Simplifying the Equations (D-54) and (D-55) yields the following, 

 

 
 

𝜙̈ =
𝑀𝑧

(𝐼𝑧𝑧 +𝑚𝜌𝑥2) cos 𝜃 cos𝜓
(cos 𝜓 cos 𝜓)

−
(𝐼𝑦𝑦 − 𝐼𝑥𝑥 +𝑚𝜌𝑥

2)

(𝐼𝑧𝑧 +𝑚𝜌𝑥2) cos 𝜃 cos𝜓
(cos𝜓 cos𝜓)(𝜓̇ + 𝜙̇ sin 𝜃)(𝜙̇ cos 𝜃 sin𝜓

− 𝜃̇ cos 𝜓)

−
(𝐼𝑧̇𝑧 +𝑚𝜌𝑥(𝜌̇𝑥)𝑟)

(𝐼𝑧𝑧 +𝑚𝜌𝑥2) cos 𝜃 cos𝜓
(cos𝜓 cos𝜓)(𝜙̇ cos 𝜃 cos 𝜓 + 𝜃̇ sin𝜓)

+
𝑀𝑦

(𝐼𝑦𝑦 +𝑚𝜌𝑥2) cos 𝜓
(cos𝜓 cos 𝜓)(

sin𝜓

cos 𝜃 cos 𝜓
)

−
(𝐼𝑥𝑥 − 𝐼𝑧𝑧 −𝑚𝜌𝑥

2)

(𝐼𝑦𝑦 +𝑚𝜌𝑥2) cos 𝜓
(cos𝜓 cos 𝜓)(

sin𝜓

cos 𝜃 cos 𝜓
) (𝜓̇

+ 𝜙̇ sin 𝜃)(𝜙̇ cos 𝜃 cos𝜓 + 𝜃̇ sin𝜓)

−
(𝐼𝑦̇𝑦 +𝑚𝜌𝑥(𝜌̇𝑥)𝑟)

(𝐼𝑦𝑦 +𝑚𝜌𝑥2) cos 𝜓
(cos𝜓 cos 𝜓)(

sin𝜓

cos 𝜃 cos 𝜓
) (𝜙̇ cos 𝜃 sin𝜓

− 𝜃̇ cos 𝜓) +
𝜙̇𝜃̇ sin 𝜃 sin𝜓

cos 𝜓
(cos 𝜓 cos𝜓)(

sin𝜓

cos 𝜃 cos𝜓
)

−
𝜙̇𝜓̇ cos 𝜃 cos 𝜓

cos𝜓
(cos 𝜓 cos𝜓) (

sin𝜓

cos 𝜃 cos𝜓
)

−
𝜃̇𝜓̇ sin 𝜓

cos𝜓
(cos𝜓 cos 𝜓)(

sin𝜓

cos 𝜃 cos 𝜓
) +

𝜙̇𝜃̇ sin 𝜃 cos 𝜓

cos 𝜃 cos𝜓
(cos𝜓 cos𝜓)

+
𝜙̇𝜓̇ cos 𝜃 sin𝜓

cos 𝜃 cos𝜓
(cos 𝜓 cos 𝜓) −

𝜃̇𝜓̇ cos 𝜓

cos 𝜃 cos𝜓
(cos𝜓 cos 𝜓) 
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𝜃̈ = −
𝑀𝑦 cos 𝜓

(𝐼𝑦𝑦 +𝑚𝜌𝑥2)

+
(𝐼𝑥𝑥 − 𝐼𝑧𝑧 −𝑚𝜌𝑥

2)

(𝐼𝑦𝑦 +𝑚𝜌𝑥2)
(𝜓̇ + 𝜙̇ sin 𝜃)(𝜙̇ cos 𝜃 cos2𝜓 + 𝜃̇ sin𝜓 cos𝜓)

+
(𝐼𝑦̇𝑦 +𝑚𝜌𝑥(𝜌̇𝑥)𝑟)

(𝐼𝑦𝑦 +𝑚𝜌𝑥
2)

(𝜙̇ cos 𝜃 sin𝜓 cos𝜓 − 𝜃̇ cos2 𝜓)+
𝑀𝑧 sin𝜓

(𝐼𝑧𝑧 +𝑚𝜌𝑥
2)

−
(𝐼𝑦𝑦 − 𝐼𝑥𝑥 +𝑚𝜌𝑥

2)

(𝐼𝑧𝑧 +𝑚𝜌𝑥2)
(𝜓̇ + 𝜙̇ sin 𝜃)(𝜙̇ cos 𝜃 sin2 𝜓 − 𝜃̇ sin𝜓 cos𝜓)

−
(𝐼𝑧̇𝑧 +𝑚𝜌𝑥(𝜌̇𝑥)𝑟)

(𝐼𝑧𝑧 +𝑚𝜌𝑥2)
(𝜙̇ cos 𝜃 sin𝜓 cos𝜓 + 𝜃̇ sin2𝜓) + 𝜙̇𝜓̇ cos 𝜃 
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In order to get an independent equation of motion for 𝜓̈, Equation (D-57) is substituted 

into Equation (D-51). As can be seen from Equation (C-15), 𝐼𝑥̇𝑥 = 0.  Also, As assumed 

in Chapter 3, 𝑀𝑥 ≈ 0.  Therefore, a simplified independent equation of motion for is 

defined as follows. 

 

 

D.2. McConnell & Das Implementation 

Since McConnell and Das did not use a time-varying mass in their model, they could use 

the samara center of mass as the fixed body frame origin. With these assumptions, the 

rotational equations of motion can be simplified to the following equations consistent 

with those used in [1] [2] [3], 

 

𝜙̈ =
𝑀𝑧 cos 𝜓

(𝐼𝑧𝑧 +𝑚𝜌𝑥2) cos 𝜃

−
(𝐼𝑦𝑦 − 𝐼𝑥𝑥 +𝑚𝜌𝑥

2)

(𝐼𝑧𝑧 +𝑚𝜌𝑥2)
(𝜓̇ + 𝜙̇ sin 𝜃)(𝜙̇ sin𝜓 cos𝜓 −

𝜃̇ cos2 𝜓

cos 𝜃
)

−
(𝐼𝑧̇𝑧 +𝑚𝜌𝑥(𝜌̇𝑥)𝑟)

(𝐼𝑧𝑧 +𝑚𝜌𝑥2)
(𝜙̇ cos2𝜓 +

𝜃̇ sin𝜓 cos 𝜓

cos 𝜃
) +

𝑀𝑦 sin𝜓

(𝐼𝑦𝑦 +𝑚𝜌𝑥2) cos 𝜃

−
(𝐼𝑥𝑥 − 𝐼𝑧𝑧 −𝑚𝜌𝑥

2)

(𝐼𝑦𝑦 +𝑚𝜌𝑥2)
(𝜓̇ + 𝜙̇ sin 𝜃) (𝜙̇ sin𝜓 cos𝜓 +

𝜃̇ sin2𝜓

cos 𝜃
)

−
(𝐼𝑦̇𝑦 +𝑚𝜌𝑥(𝜌̇𝑥)𝑟)

(𝐼𝑦𝑦 +𝑚𝜌𝑥2)
(𝜙̇ sin2𝜓 −

𝜃̇ sin𝜓 cos 𝜓

cos 𝜃
) +

𝜙̇𝜃̇ sin 𝜃

cos 𝜃
−
𝜃̇𝜓̇

cos 𝜃
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𝜓̈ = −
(𝐼𝑧𝑧 − 𝐼𝑦𝑦)

𝐼𝑥𝑥
(𝜙̇ cos 𝜃 sin𝜓 − 𝜃̇ cos 𝜓)(𝜙̇ cos 𝜃 cos𝜓 + 𝜃̇ sin𝜓)

−
𝑀𝑧

(𝐼𝑧𝑧 +𝑚𝜌𝑥2)
(tan 𝜃 cos 𝜓)

+
(𝐼𝑦𝑦 − 𝐼𝑥𝑥 +𝑚𝜌𝑥

2)

(𝐼𝑧𝑧 +𝑚𝜌𝑥2)
(𝜓̇ sin𝜃 + 𝜙̇ sin2 𝜃)(𝜙̇ sin𝜓 cos𝜓 −

𝜃̇ cos2 𝜓

cos 𝜃
)

+
(𝐼𝑧̇𝑧 +𝑚𝜌𝑥(𝜌̇𝑥)𝑟)

(𝐼𝑧𝑧 +𝑚𝜌𝑥2)
(𝜙̇ sin𝜃 cos2𝜓 + 𝜃̇ tan 𝜃 sin𝜓 cos𝜓)

−
𝑀𝑦

(𝐼𝑦𝑦 +𝑚𝜌𝑥2)
(tan 𝜃 sin𝜓)

+
(𝐼𝑥𝑥 − 𝐼𝑧𝑧 −𝑚𝜌𝑥

2)

(𝐼𝑦𝑦 +𝑚𝜌𝑥2)
(𝜓̇ sin 𝜃 + 𝜙̇ sin2 𝜃) (𝜙̇ sin𝜓 cos 𝜓 +

𝜃̇ sin2𝜓

cos 𝜃
)

+
(𝐼𝑦̇𝑦 +𝑚𝜌𝑥(𝜌̇𝑥)𝑟)

(𝐼𝑦𝑦 +𝑚𝜌𝑥2)
(𝜙̇ sin 𝜃 sin2𝜓 − 𝜃̇ tan 𝜃 sin𝜓 cos𝜓)

− 𝜙̇𝜃̇(tan 𝜃 sin𝜃 + cos 𝜃) + 𝜃̇𝜓̇ tan 𝜃 
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Furthermore, since the samara was modeled as a thin rod, 𝐼𝑥𝑥 = 0 and 𝐼𝑦𝑦 = 𝐼𝑧𝑧, which 

simplifies the model to the following, 

 

 
 

Substituting the angular velocity terms found in Equation (B-9) and (B-10) into Equation 

(D-60) and simplifying the angular velocity terms based on the assumption 𝜓 = 𝜓̇ ≈ 0, 

 

 
 

Simplifying and solving for 𝜃̈ and 𝜙̈, respectively, it can be shown below that the 

derivation of the rotational equations of motion found in this paper match that which was 

published in [1] [2] [3].  

 

 
 

 

 

 

 

𝑀𝑦 = 𝐼𝑦𝑦𝜔̇𝑦 + (𝐼𝑥𝑥 − 𝐼𝑧𝑧)𝜔𝑥𝜔𝑧 

𝑀𝑧 = 𝐼𝑧𝑧𝜔̇𝑧 + (𝐼𝑦𝑦 − 𝐼𝑥𝑥)𝜔𝑥𝜔𝑦 

 

(D-59) 

𝑀𝑦 = 𝐼𝑦𝑦𝜔̇𝑦 − 𝐼𝑦𝑦𝜔𝑥𝜔𝑧 

𝑀𝑧 = 𝐼𝑦𝑦𝜔̇𝑧 + 𝐼𝑦𝑦𝜔𝑥𝜔𝑦 

 

(D-60) 

𝑀𝑦 = 𝐼𝑦𝑦(−𝜃̈) − 𝐼𝑦𝑦(𝜙̇ sin 𝜃)(𝜙̇ cos 𝜃) 

𝑀𝑧 = 𝐼𝑦𝑦(𝜙̈ cos 𝜃 − 𝜙̇𝜃̇ sin 𝜃) + 𝐼𝑦𝑦(𝜙̇ sin𝜃)(−𝜃̇) 

 

(D-61) 

𝜃̈ = −
𝑀𝑦
𝐼𝑦𝑦
− 𝜙̇2 sin 𝜃 cos 𝜃 

𝜙̈ =
𝑀𝑧

𝐼𝑦𝑦 cos 𝜃
+
2𝜙̇𝜃̇ sin 𝜃

cos 𝜃
 

  

(D-62) 
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Appendix E. Derivation of Translational Equations of Motion 

This appendix derives the translational equations of motion used in this report. Figure E-1 shown 

below depicts the forces associated with the translational motion of the samara with respect to 

the inertial reference frame. The total force acting on the samara can be divided into two 

categories: 𝑭𝑖, the net aerodynamic forces acting on the samara, and 𝑭𝑔, the gravitational force 

acting on the samara. As described in Chapter 3, the 𝑍𝑖-Axis of the inertial reference frame is 

defined to be in the negative direction of gravity.  

 

 
Figure E-1. Free body diagram of a samara in inertial space. 

 

Since the analysis in this paper considers the time-varying effects of the samara in flight, all 

spatial components of translational velocity in the inertial reference frame need to be considered.   

 

 
 

Separating Equation (E-1) into three scalar equations that focus on each of the inertial reference 

frame components,  

 

 
 

Using the rotation matrix defined in Equation (A-8), the generalized aerodynamic forces derived 

in Chapter 3 can be defined in the inertial reference frame, which yields the following 

translational equation of motion can be defined as follows, 

 

 
 

𝑚𝒗̇𝑂 = −𝑭⃗⃗ 𝑖 = 𝐹𝑥𝑖𝑒̂𝑥 + 𝐹𝑦𝑖𝑒̂𝑦 + (−𝐹𝑔𝑖 + 𝐹𝑧𝑖)𝑒̂𝑧 

 

(E-1) 

 

𝑚𝑣̇𝑥 = 𝐹𝑥𝑖 

𝑚𝑣̇𝑦 = 𝐹𝑦𝑖 

𝑚𝑣̇𝑧 = −𝐹𝑔𝑖 + 𝐹𝑧𝑖  
(E-2) 

𝑣̇𝑥 = (𝐹𝑥𝑏 cos 𝜙 cos 𝜃 + 𝐹𝑦𝑏(− sin𝜙 cos 𝜓 − cos 𝜙 sin 𝜃 sin𝜓)

+ 𝐹𝑧𝑏(sin 𝜙 sin𝜓 − cos 𝜙 sin 𝜃 cos 𝜓)) /𝑚 

 

(E-3) 
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where 𝑚 is the total mass of the samara, 𝑔 is the gravitational acceleration, and {𝐹𝑥𝑏 , 𝐹𝑦𝑏 , 𝐹𝑧𝑏} are 

the generalized forces acting on the samara in the fixed body reference frame. 

 

While McConnell and Das simplified their model to only consider vertical translation in the 𝑍𝑖-
direction, their work can be used as a point of reference to build confidence that this extended 

derivation aligns with their findings.  With some minor algebraic manipulation, Equation (E-5) 

can be modified to reflect what is found in [1] [2] [3], 

 

 
 

Solving for 𝑣̇𝑧 and introducing the assumptions used in [1] [2] [3] (𝜓 ≈ 0 and 𝐹𝑥𝑏 ≈ 0), the 

equation simplifies to what was used in the reduced order model [1] [2] [3], 

 

 

𝑣̇𝑦 = (𝐹𝑥𝑏 sin 𝜙 cos 𝜃 + 𝐹𝑦𝑏(cos 𝜙 cos 𝜓 − sin𝜙 sin 𝜃 sin𝜓)

+ 𝐹𝑧𝑏(− cos 𝜙 sin𝜓 − sin𝜙 sin𝜃 cos𝜓)) /𝑚 

 

(E-4) 

𝑣̇𝑧 = −𝑔 + (𝐹𝑥𝑏 sin 𝜃 + 𝐹𝑦𝑏 cos 𝜃 sin𝜓 + 𝐹𝑧𝑏 cos 𝜃 cos𝜓)/𝑚 

 
(E-5) 

𝑚𝑣̇𝑧 = −𝑚𝑔 + 𝐹𝑥𝑏 sin 𝜃 + 𝐹𝑦𝑏 cos 𝜃 sin𝜓 + 𝐹𝑧𝑏 cos 𝜃 cos𝜓 (E-6) 

𝑣̇𝑧 = −𝑔 +
𝐹𝑧𝑏 cos 𝜃

𝑚
 

 

(E-7) 
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