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Abstract

Understanding the dynamical structure of cislunar space beyond geosynchronous orbit is critical for both lunar exploration and for
high-Earth-orbiting trajectories. In this study, we investigate the role of mean-motion resonances and their associated heteroclinic con-
nections in enabling natural semi-major axis transport in the Earth-Moon system. Working within the planar circular restricted three-
body problem, we compute and analyze families of periodic orbits associated with the interior 4:1, 3:1, and 2:1 lunar resonances. These
families exhibit a rich bifurcation structure, including transitions between prograde and retrograde branches and connections through
collision orbits. We construct stable and unstable manifolds of the unstable resonant orbits using a perigee-based Poincaré map, and
identify heteroclinic connections—both between resonant orbits and with lunar L, libration-point orbits—across a range of Jacobi con-
stant values. Using a new generalized distance metric to quantify the closeness between trajectories, we establish operational times-of-
flight for such heteroclinic-type orbit-to-orbit transfers. These connections reveal ballistic, zero-Av pathways that achieve major orbit
changes within reasonable times-of-flight, thus defining a network of accessible semi-major axes. Our results provide a new dynamical
framework for long-term spacecraft evolution and cislunar mission design, particularly in regimes where lunar gravity strongly perturbs
distant circumterrestrial orbits.
© 2025 The Author(s). Published by Elsevier B.V. on behalf of COSPAR. This is an open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).
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Lunar Payload Services (CLPS) initiatives, China’s
Chang’e series, India’s Chandrayaan missions, and JAXA’s

1. Introduction

In recent years, cislunar space has emerged as a focal
point for both ongoing and planned space activities.
Human exploration programs such as NASA’s Artemis
and Lunar Gateway, as well as robotic lunar exploration
missions such as NASA/JPL’s CADRE, the Commercial
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SLIM lander, underscore the growing operational presence
in the Earth-Moon environment. Beyond explicitly
Moon-focused endeavors, cislunar space has also drawn
increasing attention from broader strategic and scientific
perspectives. The 2022 U.S. National Cislunar Science and
Technology Strategy explicitly identified space situational
awareness in the cislunar domain as a national develop-
ment priority (National Science and Technology Council,
2022). Recent policy-driven and application-oriented stud-
ies, such as those by Baker-McEvilly et al. (2024) and
Wilmer et al. (2025), further emphasize the importance of
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understanding the complex structure of the cislunar phase
space for purposes including navigation, station-keeping,
and governance, building on prior dynamical systems stud-
ies while expanding their strategic context. Moreover, even
spacecraft not explicitly targeting the Moon may traverse
regions where lunar gravity effects induce significant orbital
perturbations (Stivi et al., 2025). This must therefore be
taken into account during mission design. For instance,
during its initial two-year nominal mission, NASA’s Inter-
stellar Boundary Explorer (IBEX) spacecraft was placed
into an orbit whose evolution was found to be chaotic
and unpredictable beyond 2.5 years due to lunar perturba-
tions. For its extended mission, IBEX was transferred into
a stable 3:1 mean-motion resonant orbit with the Moon to
mitigate these effects (Carrico et al., 2012).

The above considerations highlight the pivotal role of
the dynamical structure of cislunar space beyond geosyn-
chronous orbit in shaping both Iunar exploration and
high-Earth-orbit mission design. A key aspect of these
dynamics is the presence of mean-motion resonances
(MMRs) with the Moon. Spacecraft such as the aforemen-
tioned IBEX and NASA’s Transiting Exoplanet Survey
Satellite (TESS) have operated in stable lunar resonant
orbits (Dichmann et al., 2016), while others, such as Rus-
sia’s Spektr-R and China’s Tiandu-1, appear to inhabit
more unstable resonant regime. Although libration-point
dynamics in the Earth-Moon system have been studied
extensively (e.g., Gomez et al., 2001), the detailed architec-
ture of MMRs—especially their stable and unstable orbit
families and overlapping heteroclinic connections—has
received comparatively less attention. These heteroclinic
connections can enable ballistic transitions between reso-
nances, allowing a spacecraft’s semi-major axis to evolve
naturally under lunar perturbations, without the need for
propulsion. While such transport mechanisms offer promis-
ing avenues for low-energy trajectory design, they can also
pose hazards if not accounted for in mission planning.

Though heteroclinic connections between resonances
play a central role in enabling natural changes in a space-
craft’s semi-major axis (Koon et al., 2000), and have been
investigated for trajectory design in the Jovian (Anderson
and Lo, 2010; Anderson and Lo, 2011; Anderson et al.,
2021) and Saturnian (Vaquero Escribano, 2013) systems,
they remain markedly underexplored in the cislunar con-
text. Recent studies by Vaquero and Howell (2014a,b),
Liang et al. (2020), and Peng et al. (2024) have demon-
strated the utility of resonant orbit families and their asso-
ciated invariant manifolds for constructing long-duration
transfers and infrastructural frameworks in the Earth—
Moon system. However, none of these studies fully investi-
gate resonance-driven dynamics, nor do they find true,
zero-Av, heteroclinic connections in the dynamically sensi-
tive region between Earth and Moon. The studies of
Vaquero and Howell (2014a.,b) focus primarily on non-
ballistic transfers tied to a single lunar resonance or orbits
exterior to the Moon’s orbit, while Liang et al. (2020) and
Peng et al. (2024) omit invariant manifolds and heteroclin-
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ics altogether. Nevertheless, their results hint at the poten-
tial richness of the cislunar phase space, a richness that
could be more fully revealed through modern computa-
tional approaches to manifold-based transport, offering
deeper insight into the resonant and libration-driven path-
ways that shape access, stability, and maneuverability in
this regime.

This study revisits cislunar resonance structures through
the lens of modern manifold-based transport theory. Our
first main contribution is the computation and analysis of
key families of resonant periodic orbits in the Earth—-Moon
system, formulated within the framework of the planar cir-
cular restricted three-body problem (PCR3BP). We focus
on the interior 4:1, 3:1, and 2:1 mean-motion resonances,
identifying bifurcations, symmetry transitions, and connec-
tivity between stable and unstable prograde and retrograde
branches. Our second contribution is the construction of
the associated stable and unstable invariant manifolds,
using a parameterization method (Haro et al., 2016;
Kumar, 2025) and a Poincaré map defined at osculating
orbit perigee. This enables the identification of natural
heteroclinic connections not only between resonant orbits,
but also with lunar L, libration-point orbits. A new dis-
tance metric we develop then allows us to precisely define
and determine such heteroclinic transfers’ times-of-flight.
By performing these analyses across a range of Jacobi con-
stant values, we characterize the range of dynamically
accessible semi-major axes for future ballistic transfers in
cislunar space, offering both theoretical insights and practi-
cal implications for trajectory design.

The remainder of this paper is structured as follows.
Section 2 reviews the PCR3BP and provides background
on MMRs and resonance overlap. Section 3 details our
computational and visualization methods. Section 4 pre-
sents the families of interior resonant periodic orbits, and
Section 5 analyzes their manifolds and heteroclinic connec-
tions. Finally, Section 6 demonstrates heteroclinic transfers
between mean motion resonances and the vicinity of lunar
L,. We conclude by discussing the implications of our find-
ings for zero-Av trajectory planning in the Earth—-Moon
system.

2. Background
2.1. Planar circular restricted three-body problem

For the sake of completeness, we include the following
description of the well-known PCR3BP, reproduced from
Kumar et al. (2022), and use it to establish the nomencla-
ture adopted in this work. The PCR3BP describes the
motion of an infinitesimally small particle (thought of as
a spacecraft) under the gravitational influence of two large
bodies of masses m; and m,, which revolve about their
barycenter in a circular Keplerian orbit (e.g., a planet
and a moon). Units are also normalized so that the distance
between m; and m, becomes 1, their period of revolution
becomes 2n, and % (m, + m,) becomes 1. We define a mass
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ratio u = and use a synodic, rotating, non-inertial
Cartesian coordinate system centered at the m—m;,
barycenter such that m; and m, are always on the x-axis,
as shown in Fig. 1(a). The PCR3BP also assumes that
the spacecraft moves in the same plane as m; and m;. In this
case, the equations of motion are Hamiltonian with form

(Celletti, 2010),

. OH oH . OH OH (1)
X =7 = a5 x = T 5> = T a5
8pxa y apv7 p ax py ay
H AL Rk
x7y7px1py - 2 pxy pyx " r27
where r = 1/(x+u)*+1? and r,=/(x— 14 p)* +)?

are the distances from the spacecraft to m; and m,, respec-
tively. For m; and m, as the Earth and Moon, respectively,
we use u = 1.2150584270572 x 1072, The momenta p, and
p, are the spacecraft velocity components in an inertial ref-
erence frame, and are related to the rotating (non-inertial)
frame velocities X and y as ¥ = p, + 1,7 =p, — x.

There are two important properties of Egs. (1)—(2) to
note. First of all, the Hamiltonian in Eq. (2) is autonomous
and is thus an integral of motion. Hence, PCR3BP trajec-
tories are restricted to 3D energy submanifolds of the state
space satisfying H(x,y,p,,p,) = constant. The quantity
C = —2H is referred to as the Jacobi constant, and is gen-
erally used in lieu of H to specify energy levels; note that
lower C corresponds to higher energy H. The second prop-
erty is that the equations of motion have a time-reversal
symmetry: if (x(¢),y(¢),?) is a solution of Egs. (1)—(2) for
t > 0, then (x(—t), —y(—t),¢) is a solution for ¢ < 0.

2.1.1. Osculating orbital elements and synodic Delaunay
coordinates

While Egs. (1)—(2) for the PCR3BP are written in Carte-
sian coordinates, other coordinate systems can also be used
to express the Hamiltonian and equations of motion. In
certain cases, one of the most beneficial sets of coordinates
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to use are the synodic Delaunay coordinates (L,G,{,g).
These coordinates can be most easily defined in terms of
the classical (osculating) orbital elements via the equations
L=+/(1 —wa,G=LV1—e¢* and the definitions ¢
mean anomaly and g = longitude of perigee with respect
to the rotating frame positive x-axis; as usual, a and e here
denote osculating semi-major axis and eccentricity, respec-
tively. Note that unlike the traditional inertial longitude of
perigee w, in this case ¢ ~ —1 # 0 as the rotating frame x-
axis is constantly moving with respect to an inertial frame;
the definition of g and difference with w are illustrated in
Fig. 1(b).

The main advantage of using synodic Delaunay coordi-
nates stems from the fact that they are action-angle coordi-
nates (Celletti, 2010) for the u=0 PCR3BP; i.e., the
Kepler problem in a rotating reference frame. This means
that (1) when u =0, the Hamiltonian H can be written
solely as a function of the actions L and G; and (2) the
transformation between Cartesian and synodic Delaunay
variables is canonical; i.c., the equations of motion in syn-
odic Delaunay coordinates remain Hamiltonian. Note that
the traditional osculating orbital elements satisfy above
fact (1) but not (2). Combined, these two facts imply that
when p = 0,L = G =0 and both ¢ and g are constants.
Furthermore, when u > 0, the rich existing literature on
Hamiltonian perturbation theory of near-integrable sys-
tems (e.g., Morbidelli, 2002) becomes applicable to the sys-
tem written in synodic Delaunay variables.

While synodic Delaunay coordinates have advantages as
just described, the geocentric osculating orbital elements «
and e are arguably more physically intuitive than L and
G. Osculating elements also provide a natural connection
to the literature on resonances (e.g., Malhotra and Zhang,
2020), thereby clarifying the positioning and spacing of res-
onances and rendering the overall resonant structure more
transparent. However, note that L and « have a simple rela-

tionship L = /(1 — w)a, with each increasing in tandem
with the other. Thus, the ability to qualitatively analyze

Yiner

S/C

perigee

Xiner

(b)

Fig. 1. (a) PCR3BP barycentered rotating (x,y) frame in normalized units. (b) The geocentric osculating orbital elements showing inertial longitude of

perigee (®) and synodic longitude of perigee (g).
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results through the lens of Hamiltonian perturbation theory
partially remains even if « is used instead of L. This is the
approach we will adopt; although we use Cartesian coordi-
nates for most computations in this study, we will use oscu-
lating orbital elements (g, a) to aid in the visualization and
interpretation of results in line with perturbation theory.
From a mission design perspective, we hope that this repre-
sentation will also improve interpretability and accessibility
for practicing astrodynamicists.

2.2. Mean-motion resonances and resonance overlap

Resonant motions are ubiquitous in celestial systems.
Among the most important resonant phenomena, espe-
cially for astrodynamics, is that of mean-motion resonance
(MMR). Roughly speaking”, an m: n MMR is a region
of a celestial system’s phase space where one body (in
our case the spacecraft) makes approximately m integer
number of revolutions around some large central body
(e.g., Earth) in the same time that another body (here,
the Moon) makes n integer revolutions around the same
central body. For spacecraft-Moon MMRs, since this is
a relation between orbital periods of two bodies with the
second body’s (Moon’s) period being fixed and known,
the different MMRs correspond to certain spacecraft
semi-major axis values—one for each MMR.

In multi-body celestial systems, MMR regions contain
both stable and unstable resonant orbits with various topo-
logical properties. Of these, the unstable resonant orbits
are of special interest for mission design and low-fuel-
cost orbit transfers, as they possess attached stable and
unstable invariant manifolds. If the unstable manifold of
an orbit contained in one MMR intersects the stable man-
ifold of an orbit contained in another MMR, then one gets
a zero-Av heteroclinic trajectory from the first MMR to the
second. This dynamical phenomenon, known as MMR
overlap, in turn yields a natural change of spacecraft
semi-major axis. As described in Morbidelli (2002), hetero-
clinic intersections provide a rigorous mathematical basis
for the resonance overlap criterion’® of Chirikov (1960,
1979), which states that overlap of MMRs is the key driver
of global transport across phase space in celestial systems,
due to its destruction of topological dynamical barriers
whose existence would otherwise prevent major changes

2 More rigorously, MMRs are defined through studying the dynamics of
the resonant angle mg+nl,m,n € Z; if this angle librates along a
trajectory rather than circulating, the trajectory is contained within the
m:n MMR. See for instance the book of Morbidelli (2002) for more
details.

3 Note that semi-analytical approaches to Chirikov’s overlap criterion,
as commonly employed by dynamical astronomers, tend to underestimate
the onset threshold for chaotic transport (Morbidelli, 2002) as compared
to manifold-based analyses, in the sense of requiring stronger perturba-
tions than necessary. This is in part due to the neglect of higher-order
resonances in perturbation series approaches—an approximation which is
not made when computing invariant manifolds using the original
equations of motion.
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in semi-major axis. MMR overlap thus determines the
semi-major axis values a spacecraft can reach without using
fuel.

In the PCR3BP, at each mean-motion resonance, fami-
lies of stable and unstable resonant orbits exist over a range
of energy levels. The unstable resonant orbits correspond
to 1-parameter families of unstable periodic orbits, where
the parameter along the family of orbits can be taken as
the Jacobi constant (Kumar et al., 2021). Thus, except
for at fold bifurcation points (where C reaches an extre-
mum along the family), locally there will be one unstable
resonant periodic orbit for each Jacobi constant C across
some range of C values. For the m : n MMR, its resonant
periodic orbits will have periods of approximately but not
exactly 2nn; the range of periods in fact will vary through-
out the family as a function of Jacobi constant. Unstable
orbits will encounter the Moon at apogee once every m
revolutions.

3. Computational and visualization methodologies

In the PCR3BP, to understand the structure of resonant
orbit families and the heteroclinic dynamics induced by the
unstable ones, one needs to compute the corresponding
periodic orbits as well as their stable/unstable manifolds
and intersections between them. To inform these computa-
tions and aid in visualization and dynamical analysis, an
appropriate Poincaré section also needs to be selected
and used. Finally, to determine practical times-of-flight
(TOF) for theoretically infinite-duration heteroclinic trans-
fers, a metric of ““closeness” to an orbit must be defined. In
this section, we summarize the methods used for these
purposes.

3.1. Perigee Poincaré map

The PCR3BP is a dynamical system on a 4D phase space
(x,», P, p,) with an integral of motion given by the Jacobi
constant C. Thus, any one trajectory will lie entirely within
a single energy submanifold of form #.={(x,y,p,,
p,) s —2H(x,y,p,,p,) = C}, where Cis the Jacobi constant
associated with any point along that trajectory. Stable and
unstable manifolds of a periodic orbit in .# will also
belong to .#c, as must any heteroclinic connections to
other periodic orbits. Thus, for the dynamical analysis we
wish to carry out, one can restrict attention to studying
the PCR3BP dynamics within .# ¢ for a variety of C values.

M ¢ is a 3D submanifold, so if one now takes a Poincaré
surface of section X for the PCR3BP flow (with Poincaré
map P:X — XZ) and considers the fixed-energy section
Xc=2XNMc, then - will be 2D. Thus, the dynamics of
the resulting Poincaré map P¢ : £ — X—the restriction
of P to Zc—will be much easier to study than those of
the flow, as 2D map dynamics can be relatively easily visu-
alized. Hence, as is standard in PCR3BP studies—see, e.g.,
Koon et al. (2011); Kumar et al. (2021)—we will follow this
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approach of studying the Poincaré map dynamics. How-
ever, ideally the PCR3BP flow should be transverse (i.e.,
not tangent) to the chosen Poincaré section X at all points
of the section, or otherwise have tangencies at as few points
as possible. The most commonly used Poincaré sections in
the literature, including the aforementioned studies, are
those with fixed x or y. These sections however generally
experience many tangencies with unstable resonant peri-
odic orbits’ stable/unstable manifolds, leading to disconti-
nuities when the manifolds are plotted on the section for
analysis; see, e.g., Kumar et al. (2021).

Given the disadvantages of fixed-x or fixed-y Poincaré
sections in the PCR3BP, in this study, we instead utilize
a perigee Poincaré surface of section X = {(x,y,p,,p,) €
R*: 4(x,y,p., p,) = 0} defined by Earth-relative osculating
mean and true anomalies equal to zero. Such sections have
been employed by, e.g., Villac and Scheeres (2003), Ross
and Scheeres (2007), and Howell et al. (2012), and they
offer significantly better transversality to the PCR3BP flow
compared to the commonly used sections mentioned ear-
lier. This is because the mean anomaly generally increases
continuously with time, meaning that orbits typically do
not experience tangencies with the section. The exception
to this occurs in the region around the Moon, where
Earth’s gravity is no longer the dominant influence on
the spacecraft. In this case, the geocentric osculating true
and mean anomalies may begin to decrease. However, for
the interior resonant orbits and their stable or unstable
manifolds studied in this paper, this region is not the pri-
mary focus, as intersections with the perigee section occur
away from the Moon.

3.1.1. Identifying crossings of the perigee section

To identify crossings of PCR3BP trajectories with the
aforementioned perigee Poincaré surface of section X dur-
ing orbit propagation, we adopt an alternative approach
rather than directly detecting when the osculating true or
mean anomaly reaches zero. Specifically, it is well-known
that at both perigee and apogee, the geocentric position
and velocity vectors in an inertial reference frame become
perpendicular, resulting in their dot product becoming
zero. Furthermore, this dot product is positive when
¢ € (0,7) and negative for ¢ € (n,27). Assuming the mean
anomaly increases monotonically, perigee occurs when the
dot product crosses zero in the positive direction (i.e., from
negative to positive), while apogee occurs when it crosses in
the opposite direction. Thus, to detect perigee crossings
and distinguish them from (most) apogees, we look for
when,

a(x,3,pep,) = [(x + 1), 3] - [Py, (p, + 1] 3)

crosses from negative to positive during a trajectory prop-
agation. This can easily be computationally implemented in
MATLAB or Julia using those programming languages’
odeEvent and ContinuousCallback functionalities,
respectively. Note that the additions of u to x and p, in

3819

Advances in Space Research 77 (2026) 3815-3843

Eq. (3) are due to the change from barycentered to geocen-
tric coordinates.

In the Kepler problem, where mean anomaly /£ is always
increasing, the aforementioned strategy will reliably detect
every perigee without generating any false detections. How-
ever, if the assumption of ¢ > 0 is violated, there may be
instances where the test erroneously identifies a “false peri-
gee” in the PCR3BP, particularly when the true mean
anomaly is actually 7 instead of zero. Such a situation can
arise in particular when the geocentric ¢ briefly begins to
decrease near apogee, which can occur when the trajectory
closely approaches the Moon. If ¢ becomes negative near
apogee, then the trajectory may transition from
£ € (n,2n) to £ € (0,7) by passing through ¢ = . In this
case, the dot product in Eq. (3) also crosses from negative
to positive, mirroring the behavior observed when /¢ crosses
zero with ¢ > 0. To mitigate these false detections, an addi-
tional check can be incorporated into the perigee event
detection algorithm. Namely, if the previous dot product
method detects a potential perigee crossing during propaga-
tion, then the mean anomaly ¢ of the resulting state is com-
puted; only if £ is very near 0 or 27 is the perigee detection
then confirmed and the propagation stopped. Both
MATLAB and Julia’s event detection capabilities can
implement such functionality to decide whether or not to
stop a numerical integration based on an additional test.

3.2. PCR3BP periodic orbits

To compute a family of m : n unstable periodic orbits in
the Earth-Moon PCR3BP, we start with an orbit state
from the Earth Kepler problem having semi-major axis

a= (%) */* and initial longitude of perigee and true anomaly
both 7 (for the interior MMRs considered in this study);
here, the longitude of perigee is measured with respect to
the positive x-axis of the rotating frame. The previously
mentioned Keplerian orbit will be symmetric about the x-
axis and will also be periodic in the rotating Kepler prob-
lem (i.e., PCR3BP with x = 0). Thus, the method of per-
pendicular x-axis crossings can be used to numerically
continue this Keplerian orbit to the true value of
1= 1.2150584270572 x 1072 for the Earth-Moon system;
see, for example, Section 2.6.6.2 of Parker and Anderson
(2014) for details of this method. A schematic illustration
of the method is also given in Fig. 2. The same method is
then used to continue the resulting PCR3BP orbit through
(most of) the remainder of its orbit family, using the per-
pendicular orbit x-intercept as the continuation parameter.

Occasionally, a turning point may be encountered where
this orbit x-intercept reaches an extremum along the fam-
ily; in this case, using the Jacobi constant C as the contin-
uation parameter instead of x can allow the computation to
proceed past such points. Also, as will be seen in Section 4,
it can occur that a periodic orbit family passes through the
singularity at the Earth (r, =0), where the standard
PCR3BP Egs. 1-2 are undefined. In both cases, a
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Fig. 2. Illustration of perpendicular x-axis crossings method for comput-
ing PCR3BP periodic orbits (Anderson, 2024).

Kustaanheim-Stiefel (KS) (Kustaanheimo et al., 1965)
regularization-based continuation method is used to over-
come the difficulty. This method, developed by Kumar
and Moreno (2025) as a modification of that of Howell
and Breakwell (1984), allows continuation of CR3BP peri-
odic orbits by Jacobi constant C—including through singu-
larities. C changes rapidly along the orbit family near
singularities, and thus one can in fact use relatively large
continuation step sizes (e.g., AC =0.1) when passing
through them. We refer the reader to the aforementioned
papers for details of the KS-based method, but note that
it also relies on finding initial states that lead to perpendic-
ular xz-plane crossings when propagated. In this paper, we
consider only planar periodic orbits that are symmetric
about the x-axis; both previously described (non-KS and
KS-based) methods are valid for this case.

As a final remark, note that an m : n resonant periodic
orbit will pass through perigee m times during one orbital
period in the PCR3BP. Thus, when using the perigee sec-
tion X described in Section 3.1, the m : n periodic orbit will
have m intersection points with the section; moreover, these
points will not be fixed points of the section’s Poincaré
map, but become m-iteration periodic orbits under the
map. That is, one will have m points X (k) € T ¢ R* k =
0,1,...,m— 1, satisfying the equation,

P(X(k)) =X(k+1 mod m) 4)

for all k, where P: ¥ — X is the perigee Poincaré map. Fur-
thermore, by definition of the points X(k), there exist
times-of-flight t(k) € R* such that a trajectory starting at
X (k) reaches X (k + 1) in time 7(k) under the PCR3BP flow;
in other words, t(k) is the first-return time of the point
X (k) under the PCR3BP perigee Poincaré map.

3.3. Stable and unstable manifolds
Once the periodic orbits in a family m : n have been

computed as well as their intersection points X (k) with
the perigee section X, the computation of the orbits’
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stable/unstable manifolds is carried out. In particular, we
compute the intersection of these manifolds with the peri-
gee section.

The portions of the periodic orbit stable/unstable man-
ifolds lying in the chosen Poincaré section will correspond
to 1D curves—one curve attached to each of the m periodic
orbit intersection points X (k),k =0,1,...,m — 1 with the
section. To accurately compute these manifold curves, we
used a parameterization method developed by the first
author (Kumar, 2025) for calculating Taylor-series approx-
imations of periodic orbit stable and unstable manifolds.
The algorithm, an example of a general class of methods
for computing various types of invariant manifolds (Haro
et al., 2016), extends the first author’s related work
(Kumar et al., 2021) on stable/unstable manifolds of
Poincaré map fixed points to the me-iteration map-
periodic orbit case. Although a complete treatment lies
beyond the scope of this paper (see Kumar (2025) for
details), we note briefly that for each manifold we solve
for a function

W:{0,...,m -1} x R — R* such that for all k¢ {0,
l,...,m—1},

O, (W (k,s)) = W(k + 1 mod m, Js). (5)

Here, ®,(x) is the PCR3BP flow map of a point x € R* by
time ¢, t(k) are the first return times of the points X (k) as
described in Section 3.2, and 4 is the mth root of the mon-
odromy matrix eigenvalue corresponding to the stable or
unstable manifold. The parameter s € R is 0 at the base
periodic orbit points X (k) and grows larger in absolute
value as the manifold moves further away from them (in
terms of time-of-flight); the manifold will have two
branches corresponding to s < 0 and s > 0 here. Note that
@, (x) is not the perigee Poincaré mapping P, as the flow
propagation time t(k) is fixed to the first return time of
X (k), not to the return time of the arbitrary point x € R*.

Eq. (5) can be solved recursively by expressing W as a
set of m Taylor series depending on the integer
ke{0,1,...,m—1},

W(k,s) = X (k) + iw,.(k)sf ke{o1,....,m—1}, (6)

where W (k) € R* are appropriately scaled stable or unsta-
ble eigenvectors of the periodic orbit monodromy matrix at
each of its perigee passages X (k). The W, (k)s' for i > 2 cor-
respond to higher-order (nonlinear) terms in the stable/un-
stable manifold approximation that are solved recursively.
Due to both finite truncation and radius of convergence,
these series representations of W will be valid only in a
finite domain of validity s € (—D, D), where D > 0 is the
largest number for which the error in Eq. (5) remains
within a chosen tolerance for all s € (—D, D) (we chose
107). Although Eq. (6) is thus still a local rather than
global representation of the stable/unstable manifold, it
yields several orders of magnitude improvement in
accuracy as compared to traditional linear eigenvector-
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based approximations, as shown in Kumar (2025); this in
turn gives us a much larger local manifold segment requir-
ing less propagation for globalization.

As ®,4(x) was not the perigee Poincaré map, the m
curves parameterized by W lie near but not on the perigee
section of interest X. Thus, to finally compute the mani-
folds on the section, one simply numerically integrates fine
grids of points from the domains of validity of those curves
either backwards or forwards to the section. Then, further
applications of the perigee Poincaré map P either forwards
or backwards in time are used to globalize the full unstable
and stable manifolds respectively. Using the series W in
combination with P, one can in fact define a function
Wyk,s):{0,...,m—1} x R — X which is valid for all
s € R and parameterizes the global stable or unstable man-
ifold of the periodic orbit on X.

As usual, for each fixed Jacobi constant value C, one can
plot these Poincaré map manifolds of various orbits at that
C value using just 2D coordinates for £ = £ N .# . Inter-
sections of 1D manifold curves from different orbits on this
2D plot yield heteroclinic trajectories between those orbits.
In this study, though manifolds are computed using Carte-
sian coordinates, we use the osculating elements (g,a) of
Section 2.1.1 for plotting them.

3.4. Heteroclinic connections

As described earlier, an intersection in X of 1D unsta-
ble and stable manifold curves belonging to two different
orbits indicates the presence of a zero-Av heteroclinic trans-
fer between them. While the corresponding trajectory can
be approximately found by visually estimating the coordi-
nates of the intersection point, the global parameterizations
previously described for the stable/unstable manifolds
enable a much more accurate and automatic search and
calculation. Such a heteroclinic computation algorithm
was developed by Kumar (2025) to accompany the param-
eterization method of the previous section. As most of the
heteroclinics of this paper were calculated by that algo-
rithm, we briefly summarize its main steps and ideas here;
full details can be found in the aforementioned reference.

Assume that one has found parameterizations W7, (k,s)
and W5, (k,s) for the global unstable and stable manifolds
respectively of two periodic orbits, as described in the
second-to-last paragraph of Section 3.3. The goal is then
to find (ky,s1,k2,82) € Z x R X Z x R such that

Wi (ki,s1) = W5, (ka, s2), (7)

in which case either side of Eq. (7) gives the desired hetero-
clinic intersection point. We also assume that, e.g., during
the manifold visualization process, many points of the
manifolds represented by W, and W35, on X¢ have been

computed. Then, to solve Eq. (7), we:

1. Use the dynamics to restrict the solution search to only
subsets of (ki, sy, k2,s,) space.
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2. For each subset of step 1, check if any line segment
between precomputed, consecutive points of WY, inter-

sects any segment between W3, points in (x,y) coordi-

nates for X.

. For each intersection of line segments from step 2, use
the segment endpoints’ (ki,s;) and (k,,s;) values to
refine s; and s, to high accuracy by bisection.

Assuming that the precomputed manifold curve points
used to define the line segments of step 2 are spaced closely
enough together, the resulting segment endpoint
(ky,s1,ka,82) values should be sufficiently accurate for step
3 to quickly yield a highly accurate refined solution. Note
that though we previously discussed using (g,a) coordi-
nates for visualization on X, the above segment-
intersection and bisection calculations are performed in
2D Cartesian (x, y) coordinates instead, which form a valid
coordinate system for X. as well.

As a final remark, note that the above process does not
actually require any plots to be created or visualized; as
long as the manifold parameterizations and enough mani-
fold points have been computed and given to the algo-
rithm, the search and -calculation of heteroclinics is
completely automatic and highly parallelizable for very fast
performance. This is in addition to providing a significantly
more accurate heteroclinic intersection point than a purely
visual inspection can hope to achieve. However, visualiza-
tion of stable/unstable manifolds can still provide addi-
tional information on dynamical behaviors that are not
captured by computing heteroclinics alone, so in this paper,
we will present (g, a) plots of these manifolds as well.

3.5. Distance metric between orbits

A heteroclinic connection between two orbits is a trajec-
tory that converges to an initial orbit backwards in time,
and to a final orbit forwards in time. Mathematically, con-
vergence is an infinite-time concept: the distance between
the heteroclinic trajectory and the initial or final orbit goes
to zero as t — +oo. However, to define and calculate a
practical, finite transfer time for heteroclinics between
orbits, one needs a way of determining when the spacecraft
is “close enough” to its initial or final orbit for practical
purposes. Thus, in this section, we present a framework
for quantifying the distance between two orbits as well as
between a state and an orbit in the PCR3BP.

Traditional distance metrics in unperturbed 2-body
Keplerian dynamics have previously been developed for
the design of controllers for orbital transfers. For instance,
Chang et al. (2002) introduced a distance metric based on
two vector constants of motion in the 2-body problem—
angular momentum and the Laplace-Runge-Lenz vector
(hereafter referred to as the Laplace vector)—that uniquely
define non-degenerate, bounded Keplerian orbits. Initially
developed in the context of a Lyapunov function (for a
Lyapunov-based controller), this metric facilitated global,
low-thrust transfers between arbitrary elliptical orbits.
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Similarly, Gao and Li (2010) proposed a Lyapunov-based
guidance scheme leveraging the dynamic evolution of mean
equinoctial orbital elements to optimize low-thrust, many-
revolution transfers. However, these metrics are limited to
unperturbed Keplerian orbits, where orbital elements along
with angular momentum and Laplace vector remain invari-
ant over time.

To address these limitations, we propose a generalized
distance metric suitable for a broader range of orbit types,
including both perturbed and unperturbed orbits. Notably,
our metric is applicable to scenarios involving at least two
3-body solutions—perturbed Keplerian orbits like resonant
orbits and Lyapunov orbits about the libration point ;.

For the set of states under consideration, we assume that
the instantaneous 3-body state X is uniquely represented in
terms of the angular momentum and Laplace vector, effec-
tively constituting a change of variables. For 3-body trajec-
tories, the angular momentum and Laplace vector may
exhibit osculatory behavior. This necessitates defining a
distance metric that extends from point-to-point compar-
isons to accommodating the relationship between an
instantaneous state (point) and a set of states (e.g., those
defining a periodic orbit).

For a 3-body state X in the Earth—-Moon rotating frame,
transform to the Earth-centered frame. Let r and r denote
the position and velocity vectors in the Earth-centered iner-
tial frame. The Earth’s gravitational parameter in non-
dimensional units can be expressed as u, =1 — u. The
angular momentum vector (L) and Laplace vector (A)
are, respectively,

L(r,¥) =r x 1,

®)

A, i) =t X (r xf) — (1 — p) 9

r
el
Consider two orbits at the same energy level in the inertial
frame, I'3 and I'¢ as shown schematically in Fig. 3, where
b € T'p represents a state in orbit I'; and ¢ € I'¢ a state in
orbit I'c. The distance between states b and ¢ can be quan-
tified by the difference between their corresponding angular
momentum and Laplace vectors, (L, A,) and (L., A.). We

I'c

I'g

Fig. 3. Illustration of the definition of distance metric between two orbits
I's and T'¢.
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define the distance metric D(b, ¢) between states b € I'p and
ceTIc as,

D(b,¢) = /Ly — Ll +[|A, — AP (10)
One can also naturally extend the above definition to define
the distance between a single state » and the set I'¢c as the
minimum distance between b and all points of I'c,

D(b,T¢) = minD(b,¢).

cele (1 1)
This point-to-set distance is a type of Hausdorff distance
(Abraham et al., 2012).

While vectors (L, A) were used to define the distance
above, one can also use other variables, such as equinoctial
elements, or even the Euclidean metric of the synodic state
vector (x,y,p,,p,) of two states b and ¢ (see Appendix A.1).
However, equinoctial elements are scalar quantities that
have singularities for an inclination of 180° when consider-
ing orbits in 3D space. For geocentric orbits, synodic state
vectors tend to exhibit stronger short-period variations
than equinoctial elements or the angular momentum and
Laplace vectors; this contrast is especially pronounced for
near-Keplerian orbits. Therefore, we choose to define the
distance metric in terms of angular momentum and
Laplace vectors as they have less variability for the orbits
of interest.

Heteroclinic connections exist between unstable periodic
orbits, as we will discuss in Section 5.2. As mentioned ear-
lier, heteroclinic connections theoretically require infinite
time-of-flight (TOF) due to asymptotic convergence onto
initial and final orbits; in real life, though, one can consider
the transfer as complete once the spacecraft is ‘“‘close
enough” to an orbit. Thus, for practical operational appli-
cations and computation of real-world transfer durations,
certain distance tolerances (¢; and ¢,) are defined for the
initial and final unstable periodic orbits (I'; and I'y). The
transfer time is then calculated from the instant when the
unstable manifold is within ¢; of I'; as propagated back-
wards in time and the stable manifold is within e, of I',
as propagated forwards in time. The distance metric
defined in Eq. (11) proves useful in this case.

Fig. 4 illustrates our distance metric for a stable mani-
fold trajectory and a target orbit. Let I' , be the set of
points on a stable manifold trajectory asymptotic to I',.
The distance between a state .# < I' , and the final orbit
I'yis D(.#,I'y) via (11). By the definition of the stable man-
ifold of an orbit I';, we expect D(.#(t),T;) — 0 as t — oo.
By setting a tolerance ¢, we can compute the state
M, € T 4 such that D(.#>,T ;) = €/, and the corresponding
time #,, such that the manifold stays within a distance ¢/,
ie., D(#(t),T;) < ey, for all t > t,. The time ¢, when the
unstable manifold of I'; reaches a distance ¢;-close to I;
can be found similarly. The effective heteroclinic transfer
time is then given by #, — ;.
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Stable Manifold

Target Orbit I'y

Fig. 4. Tllustration of the definition of distance metric D(.#,T ;) between a
state ./ on the stable manifold I" , of an orbit I'; and the orbit I'; itself.

4. Cislunar resonant periodic orbit families

As described in Section 2.2, the overlap of mean-motion
resonances allows for natural changes of semi-major axis
without use of spacecraft propulsion. This overlap, which
corresponds to heteroclinics between unstable resonant
orbits, can thus be useful for understanding and designing
orbit changes for missions in celestial systems. Thus, a pro-
gram for determining the extent of such phenomena in cis-
lunar space involves computing the unstable resonant
orbits, followed by their stable and unstable manifolds,
and finally calculating heteroclinics or detecting barriers
to transport between the various resonances in the system.
In this section, we describe the first step: the computation
of unstable interior resonant orbits, which are periodic in
our Earth-Moon PCR3BP model. In addition, to try to
gain a more complete understanding of how various reso-
nant periodic orbit families are linked with each other,
we will also compute stable resonant periodic orbits.

As outlined in the introduction, the 2:1 and 3:1 lunar
MMRs have been utilized in previous space missions such
as TESS and IBEX, respectively—both of which operate in
stable resonant orbits. Therefore, we will focus our study
on these two MMRs. Additionally, Poincaré section plots
generated by propagating massive numbers of points to
our perigee section indicate that the 4:1 MMR is also
prominent, so we will include it in our analysis as well.
For instance, Fig. 5 shows such a plot generated for the
Jacobi constant C = 3.10. In this plot, wide stability islands
generated by the 2:1 MMR are prominently centered
around a = 0.63. Additionally, significant 3:1 islands are
observed near a = 0.48, while notable 4:1 islands are
clearly visible around a = 0.40. Note that an m : n MMR
displays m “eye” shaped regions in a row at its correspond-
ing value of semi-major axis (a).
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“identify” indicates that the synodic longitude of perigee is an angle that
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4.1. Periodic orbit families for 4:1 MMR

The 4:1 resonant periodic orbits were computed using
the methods of Section 3.2, including stable and unstable
periodic orbits. Both prograde and retrograde orbits were
computed and numerically continued throughout their
families. Fig. 6 displays a bifurcation diagram for the
resulting orbit family, plotting the perpendicular positive
x-axis crossing value of each orbit versus its Jacobi con-
stant, along with a selection of representative orbits. First
of all, it should be noted that the unstable and stable pro-
grade 4:1 periodic orbits belong to a single continuous peri-
odic orbit family, so that the stable orbits are continuations
of the unstable ones. The same is true of the unstable and
stable retrograde 4:1 periodic orbits, which also belong to
the same family. The Jacobi constant reaches a maximum
or minimum at points where the periodic orbit Floquet
multipliers pass through 1, i.e., at fold bifurcation points
which—as expected (Rimmer, 1978)—mark the dividing
points between stable and unstable orbits in each family.

Furthermore, using the KS-based method described in
Section 3.2 to continue these orbits through the singularity
at the Earth, we found that the prograde and retrograde
orbit families in fact connect to each other to form a single,
unified 4:1 family. The orbits joining the families together
correspond to collisions and very close approaches with
the Earth at perigee (the x-intercepts near 0.8 correspond
to apogee); the points in Fig. 6 where the curve color
changes correspond to Earth collision orbits, and mark
the dividing line between prograde and retrograde motion.
All orbits shown are in the 4:1 MMR, nevertheless. The
retrograde orbits occur for lower Jacobi constants (higher
energies) than the prograde orbits.
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The 4:1 orbits exhibit a wide range of eccentricities,
from near-circular (as shown in the top-right unstable orbit
plot) to highly eccentric (depicted in the top center orbit
plot). An example of a moderate-eccentricity 4:1 unstable
orbit is illustrated in Fig. 7, propagated for twice its period

and plotted in both rotating and inertial frames; note that
the orbit is periodic only in the rotating frame—not in the
inertial frame—as is usual. It is important to also note that
the semi-major axis of the 4:1 MMR is too small to reach
or exceed the Moon’s orbit; even the highest-eccentricity
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Fig. 7. Example 4:1 unstable resonant orbit, C = 3.15 and period 6.3089 =~ 2.00827 TU, propagated for two periods in rotating (left) and inertial (right)

frames.
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4:1 orbits, shown in Fig. 6, have an apogee well below the
Moon (shown in Fig. 6 orbit plots as a red circle at
x=1—u=1). The perigee altitudes of the 4:1 resonant
orbits range from around 149,000 km down to Earth-
surface collision at 6378 km; the orbit shown in Fig. 7
has a perigee of approximately 19,000 km—well within
GEO, as is the case for all higher-eccentricity 4:1 resonant
orbits.

4.2. Periodic orbit families for 3:1 MMR

For the 3:1 resonance, again both prograde and retro-
grade stable and unstable periodic orbits were computed
and numerically continued throughout their families. In
this case, the stable and unstable orbits are found to belong
to separate families, and so we get two separate bifurcation
diagrams, one for each family. Fig. 8 displays the diagrams
for the resulting orbit families, again as a perpendicular x-
axis crossing vs Jacobi constant C plot; the unstable dia-
gram is accompanied by a few unstable periodic orbit plots.
In this diagram, note that though each curve corresponding
to a prograde/retrograde orbit family crosses a given
Jacobi constant C twice, both of these crossings correspond
to the same orbit; these two replicated portions of a given
orbit family both come together at fold bifurcation points
where the Floquet multipliers go to 1 and the Jacobi con-
stant reaches a maximum or minimum along the family.

Similar to the 4:1 case described earlier, we discovered
that the prograde and retrograde unstable orbits are again
part of a single continuous family, joined together by orbits
that pass very close to and then through the Earth singular-
ity. The same is also true of the stable prograde and retro-
grade orbits. Additionally, retrograde orbits again occur at
lower Jacobi constants and higher energies than prograde
orbits. The 3:1 orbits also exist across a wide range of
eccentricities, from near-circular to highly eccentric, as
shown in the example orbit plots in the center of Fig. &.
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An example of a moderately eccentric 3:1 unstable orbit
propagated for twice its period is displayed in Fig. 9. Once
again, we observe that 3:1 unstable orbits never reach or
exceed the Moon’s orbit. Even the highest-eccentricity 3:1
unstable orbit shown in the top center of Fig. 8 has an apo-
gee well below the Moon (again shown in that figure as a
red circleatx=1—pu~1).

4.3. Periodic orbit families for 2:1 MMR

Whereas the 4:1 and 3:1 orbit families possess many
common characteristics, the 2:1 resonant periodic orbit
family demonstrates significant distinctions within the
Earth—-Moon PCR3BP. A bifurcation diagram of the per-
pendicular x-axis crossing value versus the Jacobi constant
Cis presented in Fig. 10 for the periodic orbit families con-
taining the 2:1 orbits. This diagram is constructed similarly
to those provided earlier for the 4:1 and 3:1 families.

First of all, we discuss the orbits with apogee below the
Moon (x-intercept below 1 — u in Fig. 10), examples of
which are labeled with letters a-¢ and plotted in the figure.
This orbit family actually begins as a set of non-resonant
stable circular orbits around Earth, characterized by a van-
ishingly small radius as the Jacobi constant approaches
infinity; one such circular orbit is orbit a in Fig. 10. These
circular orbits then continuously morph into the 2:1 pro-
grade stable resonant periodic orbits, represented by orbits
b, ¢, and d, listed in order of increasing eccentricity and
decreasing perigee. These stable prograde orbits then pass
through the singularity at Earth and become stable retro-
grade 2:1 orbits, as also occurred in the 4:1 and 3:1 cases;
examples of this are retrograde stable orbits ¢ and f. These
retrograde stable orbits then continuously join with retro-
grade unstable 2:1 orbits, exemplified by g and h, after
passing through a fold bifurcation corresponding to a min-
imum in Jacobi C. The retrograde unstable orbits’ perigee
then passes through the singularity at Earth again, with the

o
%

2 points /
of same
orbit

o
=N

// \ 3:1 prograde unstable

3:1 retrograde

Higher e

-0.11
02+

2 poinls/

of same
orbit

203}
3:1 prograde stable

N
=

\ unstable

08-06-04-02 0 02 04 06 08 1 1.2
x (DU)

0.4}

——3:1 retrograde stable

I
¥

e

x-intercept of orbit at symmetric point
=]
/
[
|
|
|

s
S

1.5 2 25 3
Jacobi constant (dimensionless)

o4
n

-0.5-

Higher e

-0.61
-0.7¢

-0.81

x-intercept of orbit at symmetric point

-09}

-04 -02

0 x(%%J) 04 06 08

0.5 1 35

Jacobi constant (dimensionless)

Fig. 8. Bifurcation diagrams for 3:1 unstable (left) and stable (right) periodic orbits with example orbit plots. Top orbit is highly unstable, bottom orbit is
very mildly unstable (nearly stable). Change of curve color in bifurcation diagram indicates Earth collision. Earth and Moon shown as red circles in orbit
plots. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

3825


inmath_si384_tx1229
inmath_si385_tx1230
move_f0040
move_f0045
inmath_si386_tx1231
move_f0050
inmath_si387_tx1232
inmath_si16_tx1233

B. Kumar et al. Advances in Space Research 77 (2026) 3815-3843

« Moon — Moon
| [+ Moon| A [ —Moon |
05r 05"
=) =)
8 o . 2 o
> -
-05F -0.5¢
Ras 1
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
x (DU) x (DU)

Fig. 9. Example 3:1 unstable resonant orbit, C = 3.05 and period 6.3952 ~ 2.0357% TU, propagated for two periods in rotating (left) and inertial (right)

frames.
08 g 08f 0.8 i 0.8 j
0.6 0.6 0.6 0.6
04 04 04 04
~02 0.2 .
) 02 0.2
20 0 0 0
702 02 0.2 02
04 0.4 -0.4i 0.4
-0.6 0.6 -0.6, -0.6)
0.8 08 0.8

-0.8
-1 -08-06-04-02 0 0.2 04 06 08 1 -1 -08-0.6-04-02 0 02 04 0.6 0.8 1 -1 -08-0.6-04-02 0 02 04 06 08 1 -1 -08-06-04-02 0 02 04 06 08 1

: x (DU) x (DU) o

06 1.2F ‘ 2:1 retrograde unstable ]

04 : high-e (apoapse above moon) 04
502 <—2:1 prograde unstable | °?
2, = 1 — high-e (apoapse above moonj
> i i ?

J
02 9 T ~——1.1 Lyapunov 02
0.4 0.8¢ K - i
2:1 prograde unstable ~ homoclinic??? 04
-0.6| -0.6}

-
=}
g
o
o
Q
=
=
=]
g
>
w2
=
08 0.6 04 02 0 02 04 06 08 1 - 0.6 circular orbits 1
2
o
G
o
-
o
[}
o
=
[}
L
=}
T
<

&

s

06 -04 -02 0 02 04 06 08
2:1 retrograde unstable P

decreasing to zero 0.6

1t e 2

K f 0.4

08 2:1 retrograde stable 02
2, | 4 :
> . \ 0.2
03 ) 2:1 prograde stable o4
B 0 1 2 4 5 6 06

-1 -0.5 0 0.5 1 1.5
| 8
-1 -0.5 1 1.5 0

=3
~
T

S
N
T

3
Jacobi constant (dimensionless) 0806 -04 02 0 02 04 06 08
1 08t C o0 b 04t @
0.6 0.4 03
5015 04 02 02
a 02 0.1
=0 0 0 0

02 -0.1
-0.2,
-0.6) -0.3]
08 : 04

=3
o

T 5~ 04 02 2 04 06 08 0.2 06 08
x?DUS

0 0.5 . .
x (DU) % ouy” <ou
Fig. 10. Bifurcation diagram for orbit family containing 2:1 periodic orbits with example orbit plots. Displayed orbits a—f are stable, g-¢ are unstable.
Change of curve color in bifurcation diagram indicates Earth collision. Earth and Moon shown as red circles in orbit plots. (For interpretation of the

references to colour in this figure legend, the reader is referred to the web version of this article.)

3826


inmath_si14_Figure_f00451
inmath_si15_Figure_f00452
inmath_si16_Figure_f00501

B. Kumar et al.

orbits continuously joining with the prograde unstable 2:1
orbits exemplified by orbits 1, j, and k in order of decreasing
eccentricity. These orbits eventually encounter another fold
bifurcation point where C reaches a local maximum, after
which the unstable prograde 2:1 orbits become briefly
stable, and then revert to instability through a pitchfork
bifurcation—see Kumar and Moreno (2025) for full details
on these bifurcations and the asymmetric orbit families
that emerge from the pitchfork. Finally, these last symmet-
ric 2:1 orbits continuously join with a family of non-
resonant unstable orbits exemplified by orbit ¢. This last
orbit visually seems to be generated by a homoclinic trajec-
tory to an L; planar Lyapunov orbit, although further
investigation is needed to confirm this.

Immediately, some key differences with 3:1 and 4:1 orbit
families become apparent, First of all, focusing on the
chain of orbits discussed above, the stable prograde and
unstable prograde 2:1 resonant periodic orbit families do
not end by joining each other at a fold bifurcation point,
as occurred in the 4:1 case. Instead, they continuously con-
nect to families of non-resonant orbits. In the 4:1 case, this
fold bifurcation point corresponded to a near-circular, low-
eccentricity orbit. In contrast, the 2:1 case reveals a signif-
icant vertical “gap” between orbits b and k. This gap
appears where one otherwise might have expected to find
low-eccentricity 2:1 unstable prograde orbits, which we
believe do not exist in the Earth-Moon system. Indeed,
we also tried continuation by u of several low-eccentricity
2:1 prograde unstable resonant periodic orbits from the
u =0 rotating Kepler problem; however, all of these
attempts encountered fold bifurcations, where p would
reach a maximum along the curve of continuation solu-
tions and then would start decreasing seemingly to negative
infinity, thus never reaching the Moon’s u value. Other
non-continuation based methods of searching for periodic
orbits directly in the PCR3BP, e.g., that of Broucke
(1968), also failed to locate any low-eccentricity 2:1 pro-
grade unstable orbits.

1 * Moon
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Another significant difference between the 2:1 resonant
periodic orbits and the previously discussed 3:1 and 4:1
families is that there exist 2:1 orbits with apogees extending
beyond the Moon. These orbits correspond to the prograde
and retrograde unstable orbit family curves in Fig. 10 that
have x-intercept greater than 1 — y; they only occur for rel-
atively high energies (low Jacobi constants), having a max-
imum Jacobi constant of 2.670 along the family as
compared to 3.152 for the apogee-below-Moon 2:1 unsta-
ble orbits. An example of such an orbit with apogee above
the Moon is shown in Fig. 11. For these orbits with apogee
beyond the Moon, the retrograde and prograde orbit fam-
ilies again join continuously with each other after passing
through the singularity at Earth.

As a final example, a 2:1 prograde unstable orbit of
moderate eccentricity propagated for twice its period is
shown in Fig. 12. We would like to note that the continu-
ous family of orbits joining orbits a through ¢ together in
Fig. 10 was computed by Broucke (1968) as well, where
he refers to it as “Family BD”. However, in that work,
these orbits are not identified as belonging to the 2:1
MMR, nor are the unstable 2:1 orbits with apogee above
the Moon found either.

5. Resonance overlap and natural transport

With the families of 4:1, 3:1, and 2:1 resonant periodic
orbits computed and characterized, we are now ready to
compute and visualize the orbits’ stable and unstable man-
ifolds as well as heteroclinics between them. The methodol-
ogy described in Sections 3.3-3.4 is used for this purpose.
As a reminder, we plot all manifolds on the 2D fixed-
energy perigee Poincaré sections - = X N .# ¢ using oscu-
lating orbital elements (g,a) for visualization, where g is
the longitude of perigee relative to the synodic frame x-
axis and « is the semi-major axis. We will compute mani-
folds and plot them on the perigee section for a variety

| — Moon

0.5F

y (DU)
S

Fig. 11. Example 2:1 prograde unstable orbit with apogee above the Moon, C = 2.628 and period 5.7755 ~ 1.8384n TU.

3827


inmath_si388_tx1234
inmath_si389_tx1235
inmath_si390_tx1236
inmath_si391_tx1237
inmath_si392_tx1238
inmath_si393_tx1239
inmath_si394_tx1240
move_f0055
move_f0060
inmath_si395_tx1241
inmath_si396_tx1242
inmath_si397_tx1243
inmath_si17_Figure_f00551
inmath_si18_Figure_f00552

B. Kumar et al.

+ Moon

0.5

y (DU)

0 0.5 1
x (DU)

-1 -0.5

Fig. 12. Example 2:1 unstable resonant orbit, C = 3.05 and period 6.5636 ~ 2
frames.

of Jacobi constants, starting with a discussion of the 3:1
and 2:1 MMRs and then investigating the 4:1 resonance
as well. From this point onward, we will analyze only pro-
grade orbits.

5.1. Stablelunstable manifolds of very low-energy 3:1 orbits

As noted in Section 4.3, 2:1 unstable prograde resonant
orbits occur only at higher eccentricities, corresponding to
higher energies and lower Jacobi constants C. In contrast,
3:1 and 4:1 unstable prograde orbits persist across a broad
range of eccentricities. For example, 3:1 unstable orbits are
found even at C = 3.45, whereas the lowest-energy 2:1
unstable orbit appears only at C = 3.1518. Consequently,
there exists a substantial interval of energy values in which
3:1 (and 4:1) unstable orbits are present, while 2:1 unstable
orbits are absent.

Consider first the range of Jacobi constants
C € [3.16, 3.45], spanning the emergence of the 3:1 unstable
orbits through the onset of the 2:1 unstable orbits. The
computed manifolds, projected onto our perigee sections
X (Fig. 13), show that for the higher values of C in this
interval (top and middle panels), the structures closely
resemble the separatrices of mathematical pendula. This
behavior is consistent with perturbation theory
(Morbidelli, 2002), which predicts pendulum-like dynamics
in regions dominated by a single resonance without overlap
from others. Even as the system approaches the appearance
of the 2:1 orbits at C = 3.152, the 3:1 manifolds largely pre-
serve this pendulum-like character. The principal change is
an increase in the density and transversality of the homo-
clinic intersections between stable and unstable branches
of the 3:1 manifolds, as illustrated in the bottom panel of
Fig. 13 for C = 3.158. At this value, the top lobe of the
3:1 orbit manifolds extends noticeably farther in semi-
major axis than the bottom lobe.
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5.2. Heteroclinics between 3:1 and 2:1 orbits

We now turn to the range of Jacobi constants for which
both 2:1 and 3:1 unstable periodic orbits coexist, namely
for C < 3.1518. Fig. 14 shows the corresponding stable/un-
stable manifolds of the 3:1 and 2:1 orbits, plotted in green/-
magenta and blue/red, respectively, on our perigee
Poincaré sections X, for C = 3.15,3.10,3.05, and 3.00.
These cases remain within the “low-energy” regime of
lunar trajectory design (Parker and Anderson, 2014),
though they are at higher energies than the orbits examined
in Section 5.1. The gray background points in Fig. 14 cor-
respond to non-manifold trajectories, obtained by propa-
gating a large ensemble of initial conditions to our
section, analogous to the earlier Fig. 5. These points pro-
vide additional context for the regions of phase space
through which the manifolds drive motion.

In particular, once the 2:1 unstable orbits emerge for C
just above 3.15, heteroclinic intersections between the man-
ifolds of the 3:1 and 2:1 orbits are immediately generated.
This can be seen in the top left panel of Fig. 14, corre-
sponding to C = 3.15. Such behavior contrasts with the
more standard resonance-overlap dynamics observed in
systems with smaller mass parameters p, such as Jupiter—
Europa, where a range of low energies (high C values)
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exists in which two unstable resonant orbits coexist without
any mutual overlap. We suspect that, in the present case,
the 2:1 resonance lies in a regime where standard predic-
tions from Hamiltonian perturbation theory begin to lose
validity. A further observation is that in both top-row plots
of Fig. 14, at C = 3.15 and 3.10, the upper branches of the
2:1 manifolds (above the resonance center at a ~ 0.63)
deviate significantly from the pendulum-like separatrix
structure. In fact, at C = 3.15, the upper stable and
unstable branches of the 2:1 manifolds intersect only at
the periodic orbit points themselves and at two other points
just above them—very much unlike the upper branch inter-
sections seen along the g = x line for C = 3.05 and 3.00. As
will be discussed in Section 6, this unexpected behavior for
C =3.10 and 3.15 is tied to tube dynamics induced by the
manifolds of planar Lyapunov orbits.

For all C < 3.15, heteroclinic intersections arise between
the stable and unstable manifolds of the 3:1 and 2:1 orbits.
At C = 3.10 and lower, several points from the 2:1 mani-
folds also escape toward a =1, corresponding to the
Moon’s semi-major axis; a smaller number of points do
so at C = 3.15 as well, though transport toward the Moon
generally strengthens as C decreases (higher energies), as
expected. For C =3.05 and 3.00, the upper branches of
the 2:1 manifolds also develop a homoclinic intersection,
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Fig. 14. 3:1 (green/magenta) and 2:1 (blue/red) orbit stable/unstable manifolds on perigee Poincaré sections along with other propagated trajectories in
gray, for Jacobi constants C = 3.15 (top left), 3.10 (top right), 3.05 (bottom left), 3.00 (bottom right). (For interpretation of the references to colour in this

figure legend, the reader is referred to the web version of this article.)
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rendering the manifolds more similar to the typical pendu-
lum separatrix shape than at C = 3.15 or 3.10. The overall
structure of the manifolds and their heteroclinic connec-
tions does not change appreciably between C = 3.05 and
3.00. Although we present Poincaré sections and hetero-
clinic intersections only for 3.00 < C < 3.15 here, analo-
gous  3:1-2:1  heteroclinic  trajectories exist for
2.44 < C < 3.00 as well. Representative examples will be
shown in Section 5.2.1.

In summary, for C < 3.15, where 2:1 unstable orbits
exist, zero-Av paths connect the 3:1 and 2:1 MMRs. For
Jacobi constants below C = 3.10, a spacecraft in a 2:1
unstable resonant orbit can also reach the Moon with
ease—a topic we examine further in Section 6. Thus, by
inserting into the stable manifold of a sufficiently high-
energy 3:1 orbit, a spacecraft can then surf heteroclinic
connections and manifolds all the way to the Moon, saving
substantial propellant compared to a direct injection.

5.2.1. Examples of 3:1 to 2:1 heteroclinic trajectories

As was discussed previously and shown in Fig. 14, the
stable and unstable manifolds of 3:1 and 2:1 unstable peri-
odic orbits intersect each other when C < 3.15. For these
energies, ballistic heteroclinic transfer trajectories must
thus exist between 3:1 and 2:1 resonances, enabling a
change in semi-major axis value without any deterministic
Av.

Given their importance, we calculated these heteroclinic
trajectories over a range of Jacobi constants, using the
algorithm summarized in Section 3.4 to compute manifold
intersections. Once an intersection point between stable
and unstable manifolds is found, it is propagated back-
wards in time along the unstable manifold and forwards
in time along the stable manifold until both propagations
reach within a certain distance of their respective unstable
periodic orbits. The distance here is defined by the metric
of Section 3.5, with propagation stopped when this dis-
tance becomes less than some heuristically-chosen (small)
tolerance. Though we will discuss heteroclinic trajectories
from 3:1 to 2:1 orbits, note that each such transfer corre-
sponds to a 2:1 to 3:1 heteroclinic as well, which can be cal-
culated by applying the PCR3BP’s time-reversal symmetry
(see end of Section 2.1) to any 3:1 to 2:1 transfer.

The selection of the intersection point of 3:1 unstable
and 2:1 stable manifolds determines the type of transfer
found, although in general we will seek transfers with the
lowest time-of-flight (TOF). We examine two types of
transfer trajectories: type 1 (short-duration) and type 2
(long-duration). An example of a type 1 transfer is given
by intersection point 9 in the bottom left C = 3.00 Poincaré
section plot of Fig. 15; this determines a direct, short-
duration transfer between 3:1 and 2:1 resonances. This
heteroclinic trajectory is plotted in both rotating and iner-
tial reference frames on the left of Fig. 15 as well. However,
such type 1 intersection points cease to exist for C > 3.09
due to lower orbital energy, which results in reduced
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instability and consequently the disappearance of direct
3:1-2:1 transfers. Nevertheless, other transfers can still
exist; an example of a type 2 transfer is given by hetero-
clinic intersection point 10 in the bottom right C = 3.15
plot of Fig. 15. It yields a longer-duration transfer that
transitions from a 3:1 unstable resonant orbit to a 2:1 orbit
via an intermediary 5:2 resonant segment, whose outline
can clearly be seen in the rotating frame type 2 trajectory
plot (the “five-petaled flower” shaped portion of the trajec-
tory). An inertial frame plot of the type 2 transfer is also
given in the right column of Fig. 15.

For some additional examples of 3:1 to 2:1 type 1 trans-
fers, Fig. 16 displays plots of such heteroclinic trajectories
for C =2.86,2.70, and 2.54. The trajectories’ near-3:1-
orbit portions are shown in yellow and near-2:1 parts are
colored cyan in the rotating frame plots on left. The
increase of orbital semi-major axis is clearly visible in the
inertial frame plots on the right, all achieved naturally by
leveraging the Moon’s gravity. Indeed, similar type 1 hete-
roclinic transfers were computed for C values as low as
2.44; however, at C = 2.52, the heteroclinic trajectory’s
lowest perigee passes just 123 km above the Earth’s surface,
while at 2.50 it lies about 600 km below. Linearly interpo-
lating these two values suggests that the heteroclinic trajec-
tories will collide with the Earth’s surface or pass below the
100 km von Karman line for all C <2.517 or 2.519, respec-
tively. Thus, we display plots for C > 2.54, which is one of
the highest-energy non-colliding heteroclinics computed.

Note that the near-3:1 part of the C = 2.54 heteroclinic
trajectory passes within about 890 km of the Earth’s sur-
face, suggesting that this and other heteroclinics at similar
energies could be used to reach the Moon from low-Earth
orbit (LEO) with just a single LEO-to-3:1 impulsive trans-
fer maneuver. In fact, even portions of heteroclinics for
C < 2.517—whose lowest perigees lie below the Earth’s
surface—could be useful if targeted for direct injection by
a launch vehicle, with the Moon’s gravity then providing
a free “perigee raise maneuver”.

Remark. While this study only considers ballistic trans-
fer trajectories guided by true heteroclinic connections—
which only occur between orbits at the same Jacobi con-
stant C—similar non-ballistic transfers can also be found
between unstable resonant orbits at different C values using
an impulsive maneuver. To find these, one first computes
the two orbits’ stable and unstable manifolds’ intersection
curves with the perigee section X, just as in the same-C
case. Then, intersections between these curves’ (x,y)-
plane projections will yield points where a single impulsive
maneuver would allow the spacecraft to “jump” from the
unstable manifold at the initial C value to the stable man-
ifold at the target C value.

Note that while one still uses the perigee section X here,
manifold curves must be projected into (x,y) space before
finding their intersections, not into (g,a) space. This is
because even if manifolds at different C values intersect
at perigee when projected into (g,a) coordinates, the
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resulting (g, a)-space intersection point will not correspond
to stable/unstable manifold points having the same posi-
tion coordinates®, thus precluding any single-impulse
transfer between the manifolds. Recall from Section 3.4
that the heteroclinic computation method described therein
uses (x,y) coordinates for the manifold intersection search,
and would thus be largely applicable to the different-C
transfer computation case as well.

5.2.2. Times-of-flight for 3:1 to 2:1 heteroclinics

Since heteroclinic trajectories only converge asymptoti-
cally to their initial and final unstable periodic orbits, the
transfer time-of-flight is infinite from a purely mathemati-
cal point of view. Operationally, though, a transfer can
be considered to begin or end once it approaches suffi-
ciently close to the initial or final periodic orbit in phase
space (Braik and Ross, 2025). As introduced in Section 3.5,
in this work we use the generalized point-to-set distance
metric of Eq. (11) to define this notion of “closeness” to
an orbit, and to determine the practical transfer times-of-
flight. As is shown in Fig. 17, the minimum point-to-set dis-
tance metric between the propagated heteroclinic trajectory
point and the final (initial) periodic orbit subsides to within
very low tolerances when propagated forwards (back-
wards) in time. These tolerances are heuristically deter-
mined by noting the time when variations and
oscillations of the distance metric seem to subside, indicat-
ing that the manifold has converged closely to the desired
orbit; we use different tolerances for transfers to/from dif-
ferent orbits.

Taking a discrete set of Jacobi constants C ranging from
2.50 to 3.15, and using the transfer time definition of Sec-
tion 3.5, we found the minimum time-of-flight among all
3:1-to-2:1 heteroclinic transfers at each C value. The result-
ing TOF vs C plot is shown in Fig. 18. For
2.50 < C < 3.07, the shortest (type 1) transfer trajectories
take approximately 30 days. Such trajectories cease to exist
for C = 3.09; however, the longer duration type 2 transfer
trajectories still exist, with times-of-flight of approximately
60 days. These transfer times depend on the heuristic toler-
ances used to define the beginning and end of each transfer.
Nevertheless, these results indicate that for a given transfer
type, the time-of-flight does not vary significantly with C;
the main change occurs when the direct 3:1-to-2:1 transfer
becomes available for C < 3.09. Table 1 summarizes trans-
fer times and tolerances for few selected Jacobi constants
C =3.00, 3.05, 3.10, and 3.15.

5.3. The 4.1 resonance and barriers to transport

Having found that it is possible to transfer without Av
from the 3:1 to 2:1 resonances given a sufficiently high

4 If the manifolds have different C values, then stable/unstable manifold
points corresponding to a (g, a)-plane intersection at perigee will have the
same a but different eccentricities e. They will thus lie at differing distances
a(l — e) from the Earth.
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energy level, it is natural to ask whether natural transfers
from 4:1 to 3:1 may also be possible. If so, then one would
be able to start in an even-lower 4:1 orbit and follow a
chain of heteroclinics until the Moon without using
propellant.

In Fig. 19, we plot stable and unstable manifolds of 4:1
unstable resonant orbits for C = 3.15,3.00, and 2.85 on our
perigee Poincaré sections Z.. It is immediately visible that
these manifolds are shaped very similarly to pendulum
phase portrait separatrices, as would be the case in a region
dominated by a single resonance without other MMRs
overlapping. In fact, for C = 3.15 and 3.00, the 4:1 stable
and unstable manifolds seem to almost lie on top of each
other, very much like the case of an ideal pendulum whose
stable/unstable manifolds exactly coincide. This strongly
suggests that no heteroclinic can occur from these orbits
to the 3:1 MMR or beyond; the same is in fact also visible
for the 4:1 orbit at C = 2.85, whose stable and unstable
manifolds intersect slightly more transversally than those
of 3.00 and 3.15, but still clearly do not make significant
excursions to other semi-major axis (a) values. Comparing
these 4:1 manifolds to the 3:1 orbit manifolds computed
earlier, we are clearly in a situation similar to the top two
manifold plots of Fig. 13 which had no heteroclinics to
2:1, rather than the case of Fig. 14 where heteroclinics first
appeared.

The above evidence suggests that 4:1 orbits with
C > 2.85 do not possess heteroclinic connections to the
3:1 MMR. Although one might expect that decreasing C
further (i.e., increasing the energy) could yield a 4:1 orbit
with such a connection, the C = 2.85 case already exhibits
energy and eccentricity so high that its perigee lies below
Earth’s surface (Fig. 20). Prograde 4:1 unstable orbits at
even lower C necessarily have higher eccentricities and thus
also collide with Earth. Despite examining these Earth-
impacting cases, we found no evidence of heteroclinics
between 4:1 and 3:1 orbits at such low C values. Overall,
we conclude that no heteroclinic connections exist from
any 4:1 orbit to any 3:1 orbit in the Earth-Moon system.

To understand why no heteroclinics from 4:1 to 3:1
appear to exist, we turn to the C = 3.10 case in Fig. 14,
which is redrawn in Fig. 21 with the 4:1 manifolds overlaid
on the Poincaré map along with a zoomed view of the 4:1
MMR shown on the right. Here, continuous curves stretch-
ing horizontally across the entire plot, from g =0 to 2,
seem to be present just above the 4:1 resonant island (the
four “eye” shaped regions centered near a = 0.40 and
encompassed by the 4:1 manifolds). These curves seem to
be 1D KAM tori (De la Llave, 2001), sometimes also
referred to in the 2D-map case as rotational invariant cir-
cles (RICs) (Meiss, 1992; Ross and Scheeres, 2007;
Werner, 2022), of our PCR3BP Poincaré map. Such curves
correspond to non-resonant Keplerian orbits which persist
(after deformation) into the PCR3BP; they form barriers to
transport between different resonances, as stable/unstable
manifolds cannot intersect them. Thus, these potential
RICs are clearly separating the 4:1 and 3:1 MMRs at the
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Jacobi constant value C = 3.10, preventing heteroclinics
between them. Although less clearly visible, a similar curve
seems to also potentially exist for C = 3.05 in Fig. 14. For

Table 1
Summary of transfer times-of-flight and distance metric tolerances for
C =3.00,3.05,3.10, and 3.15.

Jacobi Constant Transfer Time (days) €31 (NDU) €21 (NDU)
3.00 30.415 1x107? 7x1073
3.05 32.895 2% 1073 1x1072
3.10 60.212 1x 1072 5%x1073
3.15 61.420 2x 1072 4x1073
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C = 3.00 and below, a simple visual identification is not so
easy, but we suspect that similar RICs most likely are the
barrier preventing heteroclinics from 4:1 to 3:1 orbits from
occurring over the entire range of C values considered.

6. Connections with L; Tubes

In the previous section, we computed stable/unstable
manifolds of 4:1, 3:1, and 2:1 resonant orbits and demon-
strated heteroclinic trajectories naturally connecting the
3:1 and 2:1 orbits together. However, also recall from
Fig. 14 that the 2:1 orbits’ stable/unstable manifolds make
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article.)

excursions towards a = 1, corresponding to the Moon’s
orbital semi-major axis. To better understand the mecha-
nisms by which this occurs, we next investigate how these
resonant orbit manifolds interact with other dynamical
structures present near lunar L.

As first noted in Koon et al. (2000) and elaborated upon
in Koon et al. (2001) and Ross (2003), intersections
between “lobes” formed by stable/unstable manifolds of
unstable MMR periodic orbits and “tubes” corresponding
to L; planar Lyapunov orbit manifolds can be used to
design low-energy trajectories between Earth orbits and
lunar orbits; such a strategy was also recently studied by
Hiraiwa et al. (2024). The first intersection of an L; Lya-
punov orbit stable manifold on our 2D Poincaré section
X, called its first Poincaré cut (Koon et al., 2000), will
have the topology of a (deformed) circle. The interior of
this circle forms an “exit” from the Earth realm on X..
All trajectories entering it will then emerge from an “en-
trance” into the Moon realm, as illustrated in Fig. 22.

During numerical investigations, for a certain range of
Jacobi constants, we discovered that the invariant mani-
folds of 2:1 unstable periodic orbits and the L; Lyapunov
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orbits’ stable/unstable tubes seem to strongly interact with
each other. One such case, at C = 3.15, is shown in Fig. 23,
with the L; Lyapunov orbit stable manifold’s first Poincaré
cut highlighted. We found that the “swirling” of 2:1 man-
ifolds seen inside the cut is a consequence of trajectories
“exiting” the Earth realm through this cut on X, entering
the Moon realm, and then re-emerging in the Earth realm
during propagation. Similar behavior was seen for other
Jacobi constants as well; this leads to numerical challenges
similar to those encountered in other contexts, including
atomic physics and chemistry (Jaffé et al., 1999). These
strong 2:1-L; manifold interactions can also be represented
on the (a,e) semi-major axis vs eccentricity plane by calcu-
lating and plotting osculating a and e for all L; Lyapunov
cut points across a range of C values, as shown in Fig. 24.
This quantifies the region of influence of the L; Lyapunov
orbit stable manifold tube in the Earth realm and its over-
lap with the 2:1 and 3:1 resonance zones.

6.1. Heteroclinic connections from 2:1 resonant to L;
Lyapunov Orbits

It is visible in Fig. 23 that intersections occur between
the unstable manifold of the 2:1 unstable resonant periodic
orbit and the L; Lyapunov orbit’s stable manifold tube,
indicating the presence of a heteroclinic connection. Thus,
we computed such heteroclinic trajectories from 2:1 unsta-
ble orbits to L; Lyapunov orbits for C = 3.05 and 3.10,
using the tolerances given in Table 2 with the (L, A)-
based distance metric of Section 3.5 to define transfer
times-of-flight (TOF). Two types of 2:1-to-L1 heteroclinics
were found; Fig. 25 displays the shortest transfer, with
TOF = 8.2 days, for C = 3.10; this trajectory corresponds
to manifold intersections—denoted by 2 in the plot on


inmath_si473_tx1317
inmath_si474_tx1318
inmath_si475_tx1319
inmath_si476_tx1320
inmath_si477_tx1321
inmath_si478_tx1322
move_f0110
inmath_si479_tx1323
inmath_si480_tx1324
move_f0115
inmath_si481_tx1325
inmath_si482_tx1326
inmath_si483_tx1327
inmath_si484_tx1328
inmath_si485_tx1329
move_f0120
inmath_si486_tx1330
inmath_si487_tx1331
inmath_si488_tx1332
inmath_si489_tx1333
inmath_si490_tx1334
inmath_si491_tx1335
move_t0010
inmath_si492_tx1336
move_f0125
inmath_si493_tx1337
inmath_si494_tx1338
inmath_si30_Figure_f00951
inmath_si31_Figure_f00952
inmath_si32_Figure_f01001

B. Kumar et al.

= 2:1 Stable manifold === 2:1 Unstable manifold

=== 3:1 Stable manifold

Advances in Space Research 77 (2026) 3815-3843

== 4:1 Unstable manifold ‘

075, == 3:1 Unstable manifold.
=]
a
=
2
]
<
—
kel
&
g
=
L
2]
Q » N ™ N —
R L P I

Synodic longitude of perigee (g) (rad)

0.45 7

‘ == 4:1 Stable manifold

/4 w2 37n/4 T Sn/4  3w/2 w4
Synodic longitude of perigee (g) (rad)

2w

Fig. 21. (Left) 2:1, 3:1, and 4:1 stable/unstable manifolds and Poincaré map points for C = 3.10, with no connection observed between 3:1 and 4:1
resonances. (Right) Zoomed-in plot for C = 3.10 with potential rotational invariant circles (RICs) indicated, forming a barrier between 4:1 and 3:1

manifolds.

Intersections between
gL ‘s?ble tube and
table manifold of

L1 stable tube and
manifold of

L L
/4 w2 3w/ Sw/4 372

/4
Synodic longitude of perigee (g) (rad)

T 27

Fig. 23. Poincaré section X for C = 3.15 with L; Lyapunov orbit stable
manifold (the Earth realm “exit” as in Fig. 22) overlaying the 2:1 and 3:1
unstable resonant orbit stable/unstable manifolds.

right—that occur very close to the 2:1 orbit perigee points
on X.. If instead one selects and propagates a manifold
intersection point farther away from the 2:1 orbit, a longer
duration transfer is found—as shown in Fig. 26,
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corresponding to the intersection point labeled as 4, again
for C = 3.10. This trajectory has a TOF of approximately
40.17 days.
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Table 2

Summary of transfer times-of-flight and tolerances for transfers from resonant orbits to L; Lyapunov orbits, C = 3.05, 3.10.

Transfer Type Jacobi Constant Transfer Time (days) e1/31 (NDU) e (NDU)

2:1 to L; Lyapunov (short) 3.05 8.112 5% 1072 1x1072
3.10 8.225 5% 1072 12x1072

2:1 to L; Lyapunov (long) 3.05 42971 7x1073 5%x1073
3.10 40.173 5% 1073 5% 1073

3:1 to L; Lyapunov (short) 3.05 31.353 5% 1072 9x 1073

3:1 to L; Lyapunov (long) 3.10 57.861 2% 1072 2% 1072

C=3.10, Total Transfer time = 8.225 days
(b) €; = 5e-02, Time = 0.000 days

(b) €7 = 1.2e-02, Time = 8.225 days
% T

~ 0001 2,03% S
= * o 02 S Arrived “close” to
§ 0.0005 Arrived “closé” to| §" 0‘1 S /Ll Lyapunov orbit -
\Ql 2:1 resonant orbit | =< B -)
0 a Q ‘ &)
-40 -30 -20 -10 0 0 5 10 15 20 25 2
Time (days) Time (days) =
2:1 unstable periodic orbit to L1 Lyapunov \;
04 At é
=
02 ke
=) P E
% 0= . /r' ¢ ol
e Intersection Point / >
: ) £ o
02 — 3 - :
04 2,& == Invariant manifold 0.35 L L L
08 -06 -04 02 0 02 04 06 08 0 /! 2 o7 ] 3u/2 2
X (NDU) Synodic longitude of perigee (g) (rad)
Fig. 25. Shortest transfer from 2:1 unstable resonant periodic orbit to L; Lyapunov orbit, C = 3.10.
C=3.10, Total Transfer time = 40.173 days
(b) €; = 5e-03, Time = 23.154 days (b) € = 5e-03, Time = 17.019 days
E* 0.1 | Arrived “close” to B ¥ ~20.15% i " Arrived “close” to
- 2:1 resonant orbit R - 0.1 Y A L1 Lyapunov orbit
X 005 7 Noos o ee —
Q 0 L it Q 0 L Semm o -]
-40 -30 -20 -10 0 0 5 10 15 20 25 e
Time (days) Time (days) =
2:1 unstable periodic ox;bit to L1 Lyapunov \:
Le==T777T~ A vl
0.4~ > = @ = \4\; Invariant manifold ﬁ
s ~e -
021, S .%
B \\ NP E 0.45
Z 0 N . &—4 . '
& \ N b
> 'S AT £ 04
N <%
02 N ) @
> N 2 JPiial 0.35
04 Intersection Pointgﬁ - 7. ‘ ‘
08 06 04 02 0 02 04 06 08 0 7T/ 2 ) — 3n/2 2
X (NDU) Synodic longitude of perigee (g) (rad)

Fig. 26. Longer transfer from 2:1 unstable resonant periodic orbit to L; Lyapunov orbit, C = 3.10.

6.2. Heteroclinic connections from 3:1 resonant to L,
Lyapunov Orbits

Given that heteroclinic connections have been found
between 3:1 and 2:1 resonant orbits as well as between
2:1 and L; planar Lyapunov orbits, mathematical “‘shad-
owing” lemmas (Fontich and Martin, 2000; Arnol’d and
Avez, 1967) imply that 3:1 to L; Lyapunov orbit heteroclin-
ics must exist as well (see Fig. 23). Indeed, in (a,e) space,

Fig. 24 displays overlap between the L; Lyapunov orbit
stable manifold cuts and the 3:1 chaotic (unstable) reso-
nance zone over a wide range of Jacobi constants. Plotting
3:1 resonant orbit unstable manifolds and L; Lyapunov
orbit stable manifolds on X, for C = 3.05 and 3.10 in
Figs. 27 and 28, respectively, intersections between these
orbits’ manifolds are immediately visible.

Defining transfer times similarly to the 2:1 case using the
tolerances of Table 2, a short-TOF 3:1-to-L; transfer is
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C=3.05, Total Transfer time = 31.353 days
(a) €; = 5e-02, Time = 22.798 days

(b) €5 =9e-03, Time = 8.555 days

Advances in Space Research 77 (2026) 3815-3843

~ 04 ooy 04y
[y Arrived “close” to o b L“‘\ Thvn ﬁriv e: u;];j(z)rtl)?t
§ 02 3: lresonamorbn\ § 02 \“~\ yap -
SE IS S 2
60 40 20 0 0 5 10 158
Time (days) Time (days) =
3:1 unstable periodic orbit to L1 Lyapunov TA/
"
05 Invariant manifold ‘:
BN Z.. .2
z o el e ;«;-‘@- Z
1l e 7
> N/ = \ 5
IR R
05 Intersection Point
. 05 0 05 1 0 7.\”/2 . T 3n/2 2T
X (NDU) Synodic longitude of perigee (g) (rad)
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C=3.10, Total Transfer time = 57.861 days
(a) €; = 2e-02, Time = 51.231 days (b) €5 = 2e-02, Time = 6.630 days 0.7
= 02 P L s S * :\ Sx . - Arrived “close” to
§ il K Arived “olose® 1o § 025 S -~ L1 Lyapunov orbit _ 0.65
Iy ) /3 1 resonant orbit <1 Tas =)
0 0 =)
-60 -40 20 0 0 5 10 152 0.6
Time (days) Time (days) =
3:1 unstable periodic orbit to L1 Lyapunov \7 0.55
A g
0.5 . pid - :47 Invariant manifold ey 0.5
I S 2
2 N i, Ao A, g 0.45
z 0 /9 s 245 ) 22K @ o
; NSy 3 oA T g 0.
A A N i .
P v ; A
05 5 B II‘lmersection Point 0.35
. 05 PR 1 15 0 /2 ™ 3r/2 2
X (NDU) Synodic longitude of perigee (g) (rad)
Fig. 28. Longer transfer from 3:1 unstable resonant periodic orbit to L; Lyapunov orbit, C = 3.10.

found for C = 3.05. Shown on the left of Fig. 27, this hete-
roclinic trajectory takes approximately 31.35 days, and
occurs due to a 3:1-L; manifold intersection point—Ilabeled
as 8 in the right panel of the same figure—that exists very
close to a 2:1 orbit point on . In fact, it is clear from the
trajectory plot that this transfer is mediated by the 2:1 res-
onance; initially, upon departure from the 3:1 orbit, the
black dashed-line portion of the trajectory closely follows
a type 1 3:1-to-2:1 transfer similar to that on the left of
Fig. 15. However, once the trajectory has closely
approached the 2:1 periodic orbit—whose shape is clearly
visible in much of the dashed-line trajectory—it then clo-
sely tracks a short 2:1-to-L; transfer similar to that of
Fig. 25.

Recall from Section 5.2.1 that shorter-duration type 1
transfers between 3:1 and 2:1 orbits cease to exist for
C = 3.09, with only longer type 2 transfers that traverse
an intermediate 5:2 resonance remaining. Thus, for

> 3.09, changes in heteroclinics between 3:1 and L; Lya-
punov orbits are to be expected as well. Fig. 28 shows such
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a heteroclinic trajectory for C =3.10 with a TOF of
approximately 57.86 days—significantly longer than the
31.35 days taken for C = 3.05. This transfer, corresponding
to intersection point 11 from the right panel of Fig. 28, has
another clear difference from that of Fig. 27 as well: it no
longer shadows a 2:1 orbit on its way to L;. A close resem-
blance to the 5:2 resonant portion of 3:1-to-2:1 type 2
transfers (e.g. the right of Fig. 15) is visible instead. How-
ever, rather than following the type 2 trajectory until 2:1,
the transfer of Fig. 28 reaches L; directly from the 5:2
MMR, without the need for a 2:1 resonant segment. This
change, from initially shadowing a short 3:1-to-2:1 type 1
transfer to following a 3:1-to-5:2 transfer before reaching
L, explains the increased TOF required for C > 3.09.

In summary, short-duration transfers from 3:1 to L,
Lyapunov orbits exist when C < 3.09, while longer-TOF
transfers exist both for higher C and for C < 3.09; note
that one can thus choose either heteroclinic type for
C < 3.09. As one would expect given the larger change in
semi-major axis required, heteroclinic transfers from 3:1
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to L; Lyapunov orbits take longer than those starting at 2:1
orbits. However, the TOF for a particular type of transfer
(choice of heteroclinic intersection point) remains essen-
tially the same when varied across Jacobi constants, with
the key change once again occurring when type 1 3:1 to
2:1 transfers become available. The transfer times for both
types of heteroclinics are summarized in Table 2.

Remark. Figs. 27 and 28 show an apparent multi-loop in
the 3:1 unstable resonant orbit. This arises from our toler-
ance choice: we adopt the first dip of the distance metric
(top-left panel) as the stopping criterion, indicating that
the unstable manifold has come sufficiently close to the
3:1 resonant orbit. In the trajectory view, the red dot occurs
near perigee 6; in the map view, this aligns closely with the
semi-major axis of the 3:1 unstable resonant orbit
(near perigees 1-3), and is thus considered operationally
“close enough.” Choosing the second dip (a tighter
tolerance) would lessen the residual mismatch but would
also extend the time of flight by approximately 30 days,
which is unnecessary for the transfer under consideration.

7. Conclusions

In this study, we demonstrated that mean-motion reso-
nances play a major role in the dynamical structure of cis-
lunar space, generating zero-Av heteroclinic pathways that
traverse much of the region. After computing and charac-
terizing families of unstable and stable 4:1, 3:1, and 2:1 res-
onant periodic orbits, in which the 2:1 family was found to
have a very unique and interesting structure, we computed
stable and unstable manifolds of the prograde unstable res-
onant orbits. By using a perigee Poincaré section repre-
sented using osculating orbital elements, we were able to
effectively visualize the resulting manifolds in a manner
that allowed us to identify and interpret the observed phe-
nomena in line with Hamiltonian perturbation theory.
Heteroclinics between 2:1 and 3:1 unstable resonant orbits
were found and precisely computed for Jacobi constants
below 3.15, whereas it was also shown that the 4:1 MMR
does not have any natural heteroclinics with the 3:1
MMR for any energy. Heteroclinics connecting 2:1 and
3:1 orbits to lunar L; planar Lyapunov orbits were also
demonstrated, calculated, and characterized. By introduc-
ing a generalized distance metric, we further quantified
effective times-of-flight for all heteroclinic transfers, finding
them to be reasonable for real missions. Collectively, these
results establish the 3:1 mean-motion resonance as truly
being a “gateway to the Moon” for lunar mission design.

We also found that the resonant orbit and heteroclinic
structures of the Earth-Moon PCR3BP can differ mark-
edly from those of previously studied systems with much
smaller p values (e.g., outer planet-moon or star—planet
CR3BPs), which tend to follow perturbation-theory
dynamics more closely. Thus, a CR3BP-based analysis of
the Earth-Moon system is shown to be crucial to under-
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standing the resonant dynamics of cislunar space. Our
recent work (Rawat et al., 2025a), which leverages the man-
ifolds computed here, further shows that CR3BP-based
analysis is essential: comparisons with a perturbed Keple-
rian semi-analytical approach reveal that the latter severely
underestimates the regions of influence and effects of the
2:1 and 3:1 resonances.

While this study and Rawat et al. (2025a) focused only
on the planar Earth-Moon CR3BP, many spacecraft in
practice follow orbits inclined relative to the Earth—-Moon
orbital plane. This is the case for TESS and IBEX, which
occupy inclined stable 2:1 and 3:1 resonant orbits. Extend-
ing the present work to the spatial CR3BP therefore repre-
sents the most significant future direction for this research.
Such an extension will require new tools to address the
increased dimensionality of the system, since even after
reduction to a Poincaré map on an energy submanifold,
the spatial CR3BP remains a 4D symplectic map. Beyond
this spatial generalization, it will also be of interest to
examine other, less prominent MMRs such as 5:2 or 7:2,
as well as resonances exterior to the Moon; some initial
results on exterior MMRs are reported in Rawat et al.
(2025b). Finally, the CR3BP does not model the effects
of lunar eccentricity and solar gravity, which can be signif-
icant; while there exist theoretical reasons—e.g., KAM (De
la Llave, 2001) and Fenichel (Fenichel, 1972) theory—to
expect that similar resonant orbits and heteroclinics will
persist in models including such perturbations, studies of
MMR dynamics in higher-fidelity models remain a key
avenue for future investigation. Considerable work remains
to fully characterize the network of propellant-free hetero-
clinic highways that future missions may exploit through-
out cislunar space.
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Appendix A
A.1. Alternative distance metrics
The general distance metric can be defined with any
quantity that uniquely defines an orbit or trajectory. Oscu-

lating equinoctial elements (p,L, f, g, h, k) uniquely define
an orbit as

p = a(l—¢é), L = Q+w+0,
f = ecos(o+Q), h = tanicosQ, (12)
g = esinw+Q), k = tanisinQ.

The point-to-point distance metric can thus be defined sim-
ilarly to Eq. 10 using equinoctial elements as,

D(0408) = \/llpo, =PI+ 1o, = Lol + 180, = &I+ 1o, — oy |+ [1Ka, — ki I

(13)

with this metric being used in Eq. 11 to define the point-to-
set (state-to-orbit) distance. The disadvantage of using
equinoctial elements is that these are scalar quantities,
and when the spatial problem is considered, 7 and k
become undefined for inclination equal to n. Nevertheless,
using the metric of Eq. (13), the various heteroclinic trans-
fer times (given in Tables 3 and 4) remain nearly the same
as those from Sections 5.2.2 and 6. Tolerances need to be
adjusted accordingly based on the minimization of oscilla-
tion of the distance metric.

Table 3
Summary of 3:1 to 2:1 transfer times and tolerances for C = 3.00-3.15
using equinoctial element-based metric.
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Another choice could be to use the synodic Cartesian
state vector, as it also uniquely defines the osculating orbit.
The point-to-point distance metric is then simply

2 2 2 2
D(o2,08) = 1, = 50| 17, = iy P+ 1P, = Py P+ 1, = 21, I
(14)

The disadvantage of using this state vector is that it
changes very rapidly when compared to equinoctial ele-
ments or angular momentum and Laplace vector. As a
result, the associated point-to-set (state-to-orbit) distance
metric exhibits pronounced persistent oscillations before
stabilizing within a prescribed tolerance, thereby extending
the effective time-of-flight.

A.2. Initial conditions for heteroclinic transfers and resonant
orbits

Cartesian coordinates for stable/unstable manifold
points corresponding to heteroclinic transfers are provided
in Table 5. In the case of 3:1 to 2:1 transfers, intersection
points between unstable and stable manifolds were com-
puted using the highly-accurate method of Section 3.4;
the resulting intersections are denoted by x in the table.
Figs. 15, 16, & 18 and Tables 1 & 3 can be reproduced
by propagating x forwards and backwards.

For heteroclinics to Lyapunov orbits, the manifold
intersections were not computed as precisely, as the meth-
ods of Section 3.4 rely on the assumption of a non-circular
topology for manifold intersections with the Poincaré
section —a condition that does not hold for the stable
and unstable manifolds of Lyapunov orbits. Thus, we
approximate the intersection point by identifying the pair
of computed stable and unstable manifold points, x, and

Jacobi Constant Transfer Time (days) €31 (NDU) €21 (NDU) x_ respectively, that are closest together in the (g, a) plane.
3.00 30.549 3 % 102 6% 10-* These points provide a reasonable estimate for the actual
3.05 31.466 2% 1072 5% 1074 manifold intersection. Figs. 25-28, as well as Tables 2
3.10 57.533 2 x 10’3 1.5 x 10’2 and 4, can be reproduced by propagating x, forward and
3.15 59.460 2% 1072 1.5 10~ x_ backward.
Table 4
Summary of transfer times and tolerances for C = 3.05,3.10 for transfers from resonant orbits to L; Lyapunov orbit using equinoctial element-based
metric.
Transfer Type Jacobi Constant Transfer Time (days) €131 (NDU) ez1 (NDU)
2:1 to L; Lyapunov (short) 3.05 8.851 2x1073 8 x 1073
3.10 8.225 1x1073 12 x1073
2:1 to L; Lyapunov (long) 3.05 36.975 7% 1073 2% 1072
3.10 35.533 5% 107 2% 1072
3:1 to L; Lyapunov (short) 3.05 31.766 3.5% 1072 2% 107*
3:1 to L; Lyapunov (long) 3.10 57.874 2x 1072 2% 107
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Table 5
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Initial conditions for heteroclinic transfers at various Jacobi constant (C) values. Points labeled x are accurately-computed manifold intersections. Points
labeled x, and x_ correspond respectively to the stable & unstable manifold points which are closest to each other, and can be taken as reasonable
approximations for the true intersection point x.

Transfer C Point type x y x ¥
3:1 to 2:1 (Type 1) 2.54 X —0.02495763718 —0.02013755597 7.56003664579 —4.80802086624
2.70 X —0.03022725673 0.042561712914 —5.82508502316 —2.47401118974
2.86 X 0.06136961660 —0.00485126788 0.322456526264 4.886777873750
3.00 X —-0.07187159167 —0.09858383084 3.22059393928 —1.95100061370
3.05 X 0.029351172720 0.320801654785 —1.77006016626 0.228990735501
3:1 to 2:1 (Type 2) 3.10 X 0.173726091985 0.150836454723 —1.44182292916 1.77676712380
3.15 X 0.203387734653 0.165418603215 —1.25080421783 1.62978185751
2:1 to L, (short) 3.05 X4 0.0366500307265 —0.34165173319 1.66146760213 0.237319550248
X_ 0.0202388267797 —0.32661071935 1.7522136554 0.173763948854
3.10 X4 0.0255766502798 —0.37136396824 1.52674168622 0.155103195482
X_ 0.0252310397037 —-0.37105702307 1.5283544673 0.153971946205
2:1 to L; (long) 3.05 X4 —0.14132039003 —0.38970297519 1.32702940649 —0.43985328225
X_ —0.14191807532 —0.37724673884 1.36549493788 —-0.46971075927
3.10 X4 —0.16039196073 —0.43439108894 1.13516561771 —0.38738942941
X_ —0.16459697997 —0.43399693818 1.12834267293 —0.39634328833
3:1 to L; (short) 3.05 Xy 0.0123138303884 —0.31908512499 1.79730258732 0.137800064457
X_ 0.0141669888515 —0.32035243046 1.78927012305 0.146992008865
3:1 to L; (long) 3.10 X4 —0.06441165789 —0.24077029190 2.18597985368 —0.47448403335
X_ —0.06447093170 —0.24079902449 2.18559541702 —0.47488195526
Table 6
Initial conditions for resonant periodic orbits (all with y =0,x =0.)
Resonant orbit (unstable) Jacobi Constant X ¥
4:1 2.85 0.770658112628 —0.616166626758
3.15 0.737385941470 —0.355888785284
31 2.54 0.901330167142 —0.846224994375
2.70 0.888102851739 —0.725919236562
2.86 0.868787031779 —0.584481100346
3.00 0.845409258968 —0.434953051104
3.05 0.834875967543 —0.37200499129
3.10 0.822429022871 —0.300987128481
3.15 0.806804382814 —0.218228896847
2:1 2.54 0.964310487216 —1.20233213851
2.628 0.959722043439 —1.090831532610
2.70 0.954308268237 —0.989690975727
2.86 0.934036118105 —0.743014738588
3.00 0.904862874177 —0.515850946602
3.05 0.892104772476 —0.429597033392
3.10 0.878280334961 —0.334629543419
3.15 0.864401165205 —0.219058827351

Finally, initial conditions for the resonant periodic
orbits shown in Figs. 7, 9, 11, and 20 are also provided
in Table 6. These were also used to help define and com-
pute the times-of-flight for various heteroclinic transfers.
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