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The Question? 

𝑚2 

𝑚1 

Wobble chair model  Acrobot model  

Recovery strategy: 
Recovery torque in 
same direction as 
perturbation. 

Recovery strategy: 
Recovery torque in 
opposite direction as 
perturbation. 

Perturbation 

Recovery Torque 



tan 𝜃𝑐 =
𝑚1𝑟1 sin 𝜃1 +𝑚2(𝐿1sin 𝜃1 + 𝑟2 sin 𝜃2)

𝑚1𝑟1 co𝑠 𝜃1 +𝑚2(𝐿1cos 𝜃1 + 𝑟2 cos 𝜃2)
 

𝐼2 =
1

12
𝑚2 × 𝐿2

2 𝐼1 =
1

12
𝑚1 × 𝐿1

2 

𝐿1 = 𝐿2 = 1 𝑚 

𝑟1 = 𝑟2 = 0.5 𝑚 

𝑚1 = 𝑚2 = 1 𝑘𝑔 

Model 



Equations of Motion 

• Lagrangian Method 

𝑑

𝑑𝑡

𝜕𝐿

𝜕𝑞 𝑗
−

𝜕𝐿

𝜕𝑞𝑗
= 𝑄𝑗  𝐿 = 𝑇 − 𝑉 

𝑞1 = 𝜃1 

𝑞2 = 𝜃2 

𝑄 =
−𝑇
𝑇

 

𝑴𝜽 + 𝑪 𝜽, 𝜽 𝜽 + 𝑮 𝜽 = 𝑸 

𝑀 =
𝐼1 +𝑚1𝑟1

2 +𝑚2𝐿1
2 𝑚2𝐿1𝑟2 cos 𝜃1 − 𝜃2

𝑚2𝐿1𝑟2 cos 𝜃1 − 𝜃2 𝐼2 +𝑚2𝑟2
2 

 

𝐶 =
0 𝑚2𝐿1𝑟2 sin 𝜃1 − 𝜃2 𝜃 2

−𝑚2𝐿1𝑟2 sin 𝜃1 − 𝜃2 𝜃 1 0
 

𝐺 =
𝑚1𝑔𝑟1 sin 𝜃1 +𝑚2𝑔𝐿1 sin 𝜃1

𝑚2𝑔𝑟2 sin 𝜃2
 

𝑉 = −𝑚1𝑔 𝑟1 cos 𝜃1 −𝑚2𝑔 𝐿1 cos 𝜃1 −𝑚2𝑔 𝑟2 cos 𝜃2 
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𝑇 = 𝐶𝑇 



Controls 

• PD control torque 𝐶𝑇 applied between segments 

𝜃 𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 =
𝑇𝑝𝑚𝑎𝑥

𝐺𝑝
 (Tanaka et al) 

𝐶𝑇 = 𝐺𝑝 𝑒1 + 𝐺𝑑 𝑒2 + 𝐺𝑝2 𝑒3            If   |𝜃 𝑐| < 𝜃 𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 

𝐶𝑇 = 𝐺𝑑  𝑒2 + 𝑇𝑝𝑚𝑎𝑥            otherwise 

𝑒1 = 𝜃 𝑐       𝑒2 = 𝜃 𝑐       𝑒3 = 𝜃2 = 𝜃 2 −  π 

• 𝐺𝑝2 drives pendulum to desired equilibrium position  



Stability Criteria 
• Hilbert Envelope is used to determine stability at 

various combinations of 𝐺𝑝 and 𝐺𝑑   

 

 

 

 

  

       Stable System: Slope<0 



Stability Charts 
IC: [𝜃1 𝜃1  𝜃2 𝜃2 ] = [π 0 π 0.1] 



Animation 
Gp=1800   Gd=10   Gp2=5              IC: [𝜃1 𝜃1  𝜃2 𝜃2 ] = [π 0 π 0.1] 



Future Work (I) 

• Modify the model to simulate the transformation to 
the seated position and make it more human like. 

 



Future Work (II) 

• At each step, run the simulation and reproduce 
stability charts.  

• Determine at what point the model will start 
recovering to a stable position using the second 
strategy. 

• If both strategies can be used at certain steps, 
find out why the body prefers one strategy to 
another. 
 


